
Tighter Upper Bounds on The Exact Complexity of StringMatching�Richard Coley Ramesh HariharanzSeptember 18, 1996AbstractThis paper considers howmany character comparisons are needed to �nd all occurrencesof a pattern of length m in a text of length n. The main contribution is to show an upperbound of the form n+O(n=m) character comparisons, following preprocessing. Speci�cally,we show an upper bound of n + 83(m+1) (n � m) character comparisons. This bound isachieved by an online algorithm which performs O(n) work in total, requires O(m) spaceand O(m2) time for preprocessing. The current best lower bound for online algorithms isn + 167m+27 (n � m) character comparisons for m = 16k + 19, for any integer k � 1, andfor general algorithms is n + 2m+3 (n �m) character comparisons, for m = 2k + 1, for anyinteger k � 1.1 IntroductionString matching is the problem of �nding all occurrences of a pattern p[1 : : :m] in a text t[1 : : :n].We assume that the characters in the text are drawn from a general (possibly in�nite) alphabetunknown to the algorithm. We investigate the time complexity of string matching measuringboth the exact number of comparisons and the time complexity counting all operations. Asis standard, the time complexity refers to operations performed following preprocessing of thepattern; prepossessing of the text is not allowed. Our goal is to minimize the number ofcomparisons, while still maintaining a total linear time complexity and a polynomial in mpreprocessing cost.Note that if the algorithm is permitted to know the alphabet, then there is a �nite automatonwhich performs string matching by reading each text character exactly once (which can beobtained from the failure function of [KMP77]). However, in this case the running time dependson the alphabet size.Perhaps the most widely known linear time algorithms for string matching are the Knuth-Morris-Pratt [KMP77] and Boyer-Moore [BM77] algorithms. We refer to them as the KMPand BM algorithms, respectively. The KMP algorithm makes at most 2n�m+ 1 comparisonsand this bound is tight. The exact complexity of the BM algorithm was an open question untilrecently. It was shown in [KMP77] that the BM algorithm makes at most 6n comparisons if�The work was supported in part by NSF grants CCR-8902221 and CCR-8906949.yCourant Institute of Mathematical Sciences, New York University.zMax-Planck Institut f�ur Informatik, Germany. This work was done when the author was at Courant Instituteof Mathematical Sciences, New York University. 1



the pattern does not occur in the text. Guibas and Odlyzko [GO80] reduced this to 4n underthe same assumption. Cole [Co91] �nally proved an essentially tight bound of 3n � 
(n=m)comparisons for the BM algorithm, whether or not the pattern occurs in the text. Colussi[Col91] gave a simple variant of the KMP algorithm which makes at most 32n comparisons.Apostolico and Giancarlo [AG86] gave a variant of the BM algorithm which makes at most2n �m + 1 comparisons. Crochemore et al. [CCG92] showed that remembering just the mostrecently matched portion reduces the upper bound of BM from 3n to 2n comparisons.Recently, Galil and Giancarlo [GG92] gave a string matching algorithm which makes at most43n comparisons. This was the strongest upper bound for string matching known prior to ourwork. In fact, [GG92] give this bound in a sharper form as a function of the period z of thepattern; the bound becomes n+ minf13 ; minfz;m�zg+22m g(n�m).Galil and Giancarlo [GG91] gave a lower bound of n(1 + 12m) comparisons. For onlinealgorithms [GG91] showed an additional lower bound of n(1+ 2m+3). An online algorithm is analgorithm which examines text characters only in a window of size m sliding monotonically tothe right; further the window can slide to the right only when all matching pattern instances tothe left of the window or aligned with the window have been discovered. Recently, Zwick andPaterson gave additional lower bounds, including a bound of 4n3 for patterns of length 3 in thegeneral case [ZP92].Our contribution is a linear time online algorithm for string matching which makes at mostn(1 + 83(m+1)) character comparisons. Our algorithm requires O(m) space and O(m2) prepro-cessing time and runs in O(m + n) time overall (exclusive of preprocessing). Independently,Breslauer and Galil discovered a similar algorithm which performs at most n+O(n logmm ) com-parisons [BG92]; this algorithm requires O(m) preprocessing space and time and runs in lineartime. Recently, Hancart [Ha93] and Breslauer et al. [BCT93] have independently shown an upperand lower bound of (2� 1m)n on the number of comparisons required for string matching whencomparisons must involve only text characters in a window of size one sliding monotonically tothe right.Nearly matching lower bounds are given in a companion paper [CHPZ92]. They show thefollowing bounds: for online algorithms, a bound of n + 167m+27(n �m) character comparisonsform = 16k+19, for any integer k � 1, and for general algorithms a bound of n+ 2m+3(n�m)character comparisons, for m = 2k + 1, for any integer k � 1.Even if exponential (in m) preprocessing and exponential space are available, it is not clearthat the above upper bound can be achieved (assuming a result independent of the alphabetsize is sought). The di�culty is that text characters which are mismatched may need to becompared repeatedly. In order to minimize the total number of comparisons this has to beo�set by other text characters not needing to be compared. The hardest patterns to handleare those which have proper su�xes which are also pre�xes of the pattern. We refer to suchsubstrings as presufs1. Our algorithm has two parts; a basic algorithm and a presuf handler.The basic algorithm handles primary patterns, i.e., patterns with no presufs; this is also thecore of the algorithm for the general case. The presuf handler copes with presufs; its designconstituted the main challenge in this work. Understanding the structure of the presufs wasa key ingredient in its design. Understanding this structure also led to the new lower boundconstructions given in [CHPZ92].The avor of the algorithm is as follows. Initially, the pattern is aligned with the left endof the text. Repeatedly, an attempt to match the pattern against the text is made. When a1Presufs are also called borders in literature. Strings without presufs are called primary strings.2



mismatch is found or the pattern is fully matched the pattern is shifted to the right. The goalis to maximize this shift without missing any possible matches. The basic algorithm has theproperty that the length of each shift is at least equal to the number of comparisons since theprevious shift (or the start of the algorithm). This results in an algorithm that performs atmost n comparisons if the pattern has no presuf (the algorithms of [GG92] and [CP89] have thisproperty too).The presuf handler cannot quite match the performance of the basic algorithm (which is notsurprising given that the lower bounds for this problem are larger than n comparisons). Herethe approach is to follow the basic algorithm until a su�x which is also a pre�x is matched. Theonly possible matches in which a new instance of the pattern overlaps the current partially (orfully) matched instance arise with an overlap by a presuf. Ignoring, for the moment, problemsintroduced by periodic patterns, it is the case that at most one of these overlapping patterninstances can result in a match. An elimination is performed to determine which one, if any,of the overlapping pattern instances might result in a match. Following this elimination, afurther non-trivial sequence of comparisons is made; this can lead to one of two situations:another match of a su�x which is also a pre�x, or a mismatch which causes a return to thebasic algorithm. The presuf handler is invoked at most once for every m2 text characters, andperforms a number of comparisons at most 2 greater than the number of characters shiftedover (actually, there are two possible scenarios: an invocation after 34m text characters andat most 2 excess comparisons, or an invocation after m2 text characters and at most 1 excesscomparison). Periodic patterns have the added di�culty that the presuf handler could beinvoked more frequently. In this case, we show the additional fact that if the presuf handleris invoked after fewer than m2 text characters then the number of comparisons is at most thenumber of characters shifted over.This structure of the algorithm of Breslauer and Galil is similar; their analog of the presufhandler works in a completely di�erent way, however.Section 2 provides several de�nitions. The basic algorithm is described in Section 3. InSection 4 the presuf handler for non-periodic strings is presented. Section 5 gives a technicalconstruction deferred from Section 4. Finally, in Section 6, the result is extended to periodicpatterns.We remark here that the properties of strings which we develop in Section 4 and later aremostly new and appropriate references are given otherwise.2 De�nitions and PreliminariesA string v is a presuf of p if it is both a proper su�x and a proper pre�x of p. Let x be thelength of the largest presuf of p. The period of a pattern p with length m is de�ned to be m�x.x is called the s-period (or shift period) of p. A string p is cyclic in string v if it is of the formvk, k > 1. A primitive string is a string which is not cyclic in any string.A string p is periodic if p = wvk, where w is a (possibly null) proper su�x of v and k > 1.The smallest such v is called the core of p and the corresponding w is called the head of p. Notethat the core is primitive. A cyclic shift of p is any string vu where p = uv. jv and vj referrespectively to the leftmost and rightmost characters in string v; on occasion, we will call thesecharacters respectively, the left end and right end of v. Two characters are said to be distanced apart if they are separated by d� 1 other characters.For the rest of the paper, let p be a pattern with length m. Let the text t have length n. p[i]3



sv0v x uuu uuu Figure 1: Periodicitydenotes the ith character of p, reading from the left end; i is called the index of p[i] in p. Thesame notation and terminology is used for string t.The algorithm will be comparing the pattern with substrings of the text with which thepattern is aligned; as the algorithm proceeds, the pattern is shifted to the right across the text.Each possible alignment of the pattern with the text is called an instance of the pattern. Notethat an instance is not necessarily an occurrence.For each pair of overlapping instances of the pattern a location at which the two di�er, ifany, will be precomputed. This location is called the di�erence point of the two instances. Note,however, that for a given pair, a di�erence point may not exist; but this can happen only ifthe pattern has a non-empty presuf. Let p1 and p2 denote two pattern instances, where p1[i] isaligned with p2[1]; then difi is the di�erence point if any; i.e., p1[difi] 6= p2[difi � i+ 1].Let q be a pattern instance. Those pattern instances to the right of q, overlapping q, butwhich do not have a di�erence point with q are called the presuf overlaps of q.We quote a few standard results concerning strings.Lemma 2.1 Let w be a presuf of string v. If jwj > jvj=2 then v is periodic.Proof: See Fig.1. Let s = jvj � jwj. Let v0 denote string v shifted distance s to the right.Then the portion of v0 overlapping v is presuf w which matches the corresponding portion of v.Let u denote the su�x of v0 of length s. An easy induction shows that v = xuk for some k � 2,where x is a proper su�x of u. 2The following appear in di�erent forms in [Lo82] (see Proposition 1.3.2, 1.3.4, and 1.3.5).Lemma 2.2 [LS62, FW65] If x; y are two distinct periods of a string v such that x + y �m+ gcdfx; yg then gcdfx; yg is also a period of v.Lemma 2.3 Suppose that v = xy where both x and y are presufs of v. Then v is cyclic insome string w of length gcdfjxj; jyjg.Lemma 2.4 If v is periodic and can be expressed both as x1uk11 and x2uk22 where xi is a su�xof ui, u1 > u2 and k1; k2 � 2, then either u1 is cyclic in u2 or both u1 and u2 are cyclic insome smaller string.3 The Basic AlgorithmThe algorithm in this section also appears in [Col91] and is also exposed in [GG92]. We describeit again for the sake of completeness. 4



If all the characters in p are identical then it is easily seen that the KMP algorithm makes atmost n character comparisons. Further, if m = 2 and p consists of two distinct characters thenthe Boyer-Moore algorithm makes at most n character comparisons. Henceforth, we assumethat m > 2 and that p has at least two distinct characters.The algorithm proceeds by eliminating pattern instances as possible matches. It repeatedlyperforms the following two steps: �rst, it attempts to match the leftmost surviving patterninstance with the aligned text substring; then, it shifts to the next leftmost surviving patterninstance.After a shift occurs the strategy followed depends on the nature of the shift. The order inwhich pattern characters are compared ensures that all the shifts satisfy one of the followingtwo properties.1. A shift has size greater than or equal to the number of comparisons made since theprevious shift. This is called a basic shift.2. When Property 1 is not true, a proper pre�x x of p is completely matched with thetext after the shift. Moreover, x is also a su�x of p. This is called a presuf shift.Following a basic shift, the basic algorithm is continued; a presuf shift results in a transfer tothe presuf handler.The following observation is the key to the basic algorithm. Consider two overlappinginstances of the pattern p. Then comparing either of the two pattern characters at their di�erencepoint with the aligned text character is sure to eliminate one of the two pattern instances frombeing a potential match. So long as the overlap is not a presuf of p, there will be a di�erencepoint. This is exactly the notion of duelling introduced by Vishkin [Vi85].More formally, let pa and pb be the two leftmost surviving pattern instances, where pb is nota presuf overlap of pa. Let d be the di�erence point of pa and pb. pa[d] is compared with thealigned text character. A match eliminates pb; a mismatch eliminates pa.Next, we give the exact sequence of comparisonsmade by the above strategy. We precomputethe following sequence S. S is the sequence of indices dif2; dif3; � � � ; difm omitting repetitionsand unde�ned indices. Henceforth, where no ambiguity will result, we will use the sequence Sto refer both to the indices it contains and to the corresponding characters in pa.The characters in pa are compared with their corresponding text characters in two passes,stopping if a mismatch is found. In Pass 1, those characters in pa contained in S are comparedin sequence. If all of these match then the remaining pattern characters are compared fromright to left in Pass 2.Lemma 3.1 If a mismatch occurs at the character given by the kth index in S then the resultingshift has size at least k.Proof: Let the kth index in S be difl. Note that k < l. Recall that l � difl � m andp[difl] 6= p[difl� l+ 1]). Suppose for a contradiction that the shift was of length j < k. Let paand pb be the pattern instances as speci�ed in the algorithm above, before this shift. Note thatpb becomes pa after the shift; i.e., pb is pa shifted j units. But then pa and pb have a di�erencepoint and hence difj+1 is de�ned. Difj+1 is the ith index in S, for some i � j; hence, as j < k,difj+1 occurs prior to difl in S. Therefore, pa[difj+1] would have been matched against thetext and one of pa or pb eliminated before pa[difl] was compared. The contradiction proves thelemma. 2 5



Consequently, all shifts resulting from mismatches in Pass 1 are basic shifts. When a basicshift is made the basic algorithm is restarted. It is easy to see that if all shifts are basic shiftsthen the total number of comparisons made is upper bounded by n.Next, suppose that all comparisons in Pass 1 result in matches.Lemma 3.2 Suppose Pass 2 results in a mismatch at pa[l]. The resulting shift has length atleast l.Proof: Suppose for a contradiction that the resulting shift has length i, i < l. Let pb be pashifted distance i. Then l is a di�erence point for pa and pb; hence one of pa and pb would havebeen eliminated in Pass 1, a contradiction. 2Consequently, for each shift resulting from Pass 2 with length less than the number ofcomparisons made since the previous shift, a proper pre�x of p (which is also a su�x of p) ismatched with the text, i.e., it is a presuf shift. The main challenge in minimizing the exactnumber of comparisons is to handle presuf shifts.Preprocessing. The sequence S, as de�ned above, is not unique. We show that a particularinstance of S can be precomputed in a manner akin to the computation of the KMP shiftfunction or the BM shift function. The KMP shift function comprises, for each j, 1 < j � m, anumber sj . sj is the largest i, i < j, such that p[1 : : :i� 1] = p[j� i+1 : : :j� 1] and p[i] 6= p[j];note that i = difj�i+1. If no such i exists then sj is de�ned to be zero. Consider the set of allthose values of j for which sj > 0. Furthermore, let this set be ordered by the increasing valueof j� sj +1. This provides the sequence S. For every k, 2 � k � m, if difk is de�ned, then, forsome l 2 S, k � l � m, p[1 : : :l� k] = p[k : : : l� 1] and p[l� k+ 1] 6= p[l]; hence the value difkoccurs in S (though not necessarily indexed by k). Finally, it is straightforward to compute Sin O(m) time.4 The Presuf HandlerIn this section the presuf handler for non-periodic patterns p is described. This presuf handleralso deals with some presuf shifts for periodic p, as speci�ed in the next few paragraphs.With each presuf shift, we associate a presuf x01 of p, de�ned as follows. If p is not periodicthen x01 is the longest presuf of p. Otherwise, suppose p = upvipp is periodic with core vp andhead up. Then if the presuf of p matching the text is at least jvpj long, x01 = upvip�1p . Otherwise,if the above presuf is shorter than jvpj, then x01 is de�ned to be the longest presuf of p of lengthless than jvpj.In this section, we give an algorithm for handling presuf shifts for the case jx01j < m2 . Thecase jx01j � m2 is considered in Section 6. Note that jx01j < m2 always holds for non-periodic pand may hold for periodic p.Consider the situation immediately following a presuf shift. Some pre�x of p, which is alsoa presuf, matches the text substring it is aligned with. It is convenient for the presuf handler toassume that the pattern was shifted by m� jx01j characters and that x01 matches the text. Notethat this will not be the case if Pass 2 in the basic algorithm mismatches before x01 is completelymatched. A simple check will prevent the declaration of any incorrect complete match that mightresult from the above assumption. To facilitate this check, a variable tlast is used. Suppose Pass6



2 in the basic algorithm ends in a mismatch. Then tlast is set to the index of the text characterwhere the mismatch occurred. Otherwise, if no mismatch occurs, tlast  �.As jx01j < m2 , p = x01ux01, for some string u. Let tA be the substring of the text aligned withthe pre�x x01 of p immediately following the presuf shift; note that x01 matches tA. Order allthe presufs of x01 by decreasing length and let this order be x1; x2; x3; : : : ; xk; xk+1, where xk isthe smallest non-null presuf of x01 and xk+1 is the null string and hence a trivial presuf of x01.Note that x1 = x01. Let the future instances of p (i.e., potential match instances) before its leftend slides beyond tAj, in left to right order, be p1; p2; : : : ; pk. Let pk+1 be the pattern instancewhose left end is to the immediate right of tAj. Then pi, 1 � i � k + 1, is the pattern instancewith the pre�x xi of p aligned with the su�x xi of tA. xi is said to be the presuf associatedwith pi. p1; p2; : : : ; pk; pk+1 are called the presuf pattern instances.Lemma 4.1 If jx01j < m2 then at most one of p1; : : : ; pk; pk+1 can lead to a complete match.Proof: By contradiction. Suppose some two of them, say pi and pj , i < j, each result in acomplete match. It follows that there is a pre�x of p of size m� jxij+ jxj j that matches a su�xof p. Since jxij � jxj j < m=2, m� jxij+ jxj j > m=2; also, jxij � jxj j � jx01j. This implies thatp is periodic with core of length at most jx01j, contrary to assumption. 2The presuf handler begins by eliminating all but at most one of p1; p2; : : : ; pk; pk+1. This iscarried out by a procedure that performs j � k comparisons; at most two of these comparisonsare unsuccessful. We seek to minimize the number of unsuccessful comparisons because whilesuccessful comparisons can be remembered, unsuccessful comparisons may lead to repeatedcomparison of some text characters.The elimination procedure is described in Section 4.1. The remainder of the presuf handlerprocedure, for all but two special cases, is given in Section 4.2 and its analysis is presented inSection 4.3. The special cases are handled in Section 4.4. Finally, data structure details aredescribed in Section 4.5.4.1 Elimination StrategyBefore describing the exact sequence of comparisons made by the elimination strategy, we needto understand some structural properties of these overlapping instances of p.Lemma 4.2 Suppose xi = uvl is the ith presuf, where u is a proper su�x of v, v is primitive,and l � 2. Then xi+1 = uvl�1.Proof: Certainly uvl�1 is a presuf, so the only question is whether there is a presuf x betweenuvl and uvl�1. Suppose there is such an x. As juvl�1j < jxj < juvlj and as x is a pre�x of uvl,the su�x of x of length jvj is a cyclic shift of v. But x is a su�x of uvl, which implies that aproper cyclic shift of v matches v. By Lemma 2.3, v is cyclic, contrary to assumption. 2Lemma 4.3 The presuf pattern instances can be partitioned into g = O(logm) groups2 A1; A2; : : : ; Ag.The groups preserve the left to right ordering of the pattern instances; i.e., the pattern instancesin group Ai are all to the left of those in group Ai+1, for i = 1; : : : ; g � 1. Let Bi be the setof presufs associated with the pattern instances in Ai. Then either Bi = fuivkii ; � � � ; uiv3i ; uiv2i gor Bi = fuivkii ; � � � ; uivig or Bi = fuivkii ; � � � ; uivi; uig, where ki � 1 is maximal, ui is a propersu�x of vi, and vi is primitive.2Actually, a sharper bound of log� m groups is known [KMP77, B94], where � is the golden ratio.7



Proof: The proof is by construction. The groups are constructed in left to right order. In-ductively suppose Ai is being built presently and all presuf pattern instances with associatedpresufs longer than uivkii have been placed in groups to the left of Ai.fuivkii ; � � � ; uiv2i g are all added to Bi. uivi is also added if and only if it is not periodic;otherwise, uivi starts set Bi+1. By Lemma 4.2 all presuf pattern instances with associatedpresufs longer than uivi are in group Ai or by induction in a group to its left. In addition, if uiis empty and vi has no presufs then ui is also added.The maximality of ki can be seen as follows. For suppose ki is not maximal, i.e., thereexists a presuf w of the form uivki+1i , ki + 1 � 2. By the inductive hypothesis describingthe construction, this presuf would already be in one of the groups B1; : : : ; Bi�1. By Lemma4.2, it follows that w is the smallest presuf in Bi�1. w is clearly periodic. By construction,w = ui�1v2i�1 = uivki+1i , ki+1 � 2. Then, by Lemma 2.4, vi�1 must be cyclic, which contradictsthe assumption that vi�1 is primitive. Thus ki must be maximal.This shows that the presuf pattern instances are partitioned into groups. It remains to showthat there are only O(logm) groups. Let xji be the leftmost presuf in Bi. If xji+1 = uivi, thenjxji+1 j � 23 jxji j, and otherwise, jxji+1 j � 12 jxji j (the latter claim follows because xji+1 is both apre�x and a su�x of xji and this pre�x and su�x are non-overlapping). The O(logm) boundfollows immediately. 2Lemma 4.4 The groups satisfy the following properties.Property 1. Consider the presufs xi corresponding to the pattern instances pi in somegroup Aj. For j 6= g, all these presufs xi, except possibly the rightmost one, are periodicwith the same core and head. For j = g, all but the rightmost two presufs are periodicwith the same core and head.Property 2. Let pi be the rightmost instance in its group. If xi is periodic then so is xi+1.Property 3. Suppose pi is the rightmost instance in its group Aj and xi is periodic withhead u and core v; then jxi+2j < jvj. Further, suppose xi+1 = u0(v0)l, where v0 is primitiveand u0 is a proper su�x of v0. Then jv0j > juj.Property 4. Suppose pi is the rightmost instance in its group Aj, where jAj j > 1; furthersuppose that xi�1 is periodic with core v, and xi is not periodic. Then jxi+1j < jvj.Property 5. Both pk and pk+1 are in the group Ag.Proof: Let pi be in group Aj .Property 1 is true by de�nition. To see Property 2, note that as xi is periodic, xi = uvl,where u is a proper su�x of primitive v and l � 2. But if l > 2, then the pattern instancecorresponding to either presuf uv2 or presuf uv would be the rightmost item in Aj . Thus l = 2;but, by de�nition, the pattern instance corresponding to uv is not in Aj only if uv is periodic.Finally, by Lemma 4.2, xi+1 = uv.Property 3 can be seen as follows. As in the previous paragraph, xi = uv2 and xi+1 = uv.Again uv is periodic, that is uv = u0(v0)l for some l � 2, where u0 is a proper su�x of v0 andv0 is primitive. By Lemma 4.2, xi+2 = u0(v0)l�1. Suppose jv0j � juj. As v is primitive, theremust be a substring v0 of u0(v0)l = uv which straddles the boundary between u and v. Thus thesubstring of u0(v0)l aligned with the rightmost jv0j-sized substring of u is a proper cyclic shift of8



v0. But as u is a su�x of v this substring is also identical to v0. By Lemma 2.3, v0 is cyclic, acontradiction. Thus jv0j > juj and hence jxi+2j < jvj.Property 4 can be seen as follows. As with the previous properties, it follows that xi = uv,where u is a proper su�x of v and v is primitive. If jxi+1j � jvj, then jxi+1j > jxij=2. But xi+1is a presuf of xi; by Lemma 2.1, xi would be periodic, a contradiction.Property 5 can be seen as follows. Since xk is the smallest non-null presuf of p, no non-nullpre�x of xk matches a su�x of xk. Therefore, all strings in Bg have the form ugvlg, 0 � l � kg,where ug is the null string and vg = xk. Since both xk and xk+1 have this form, Property 5 istrue. 2Remark. The elimination strategy described below and the algorithm in Section 4.2 which usesthis elimination strategy to handle presuf shifts, work for most patterns p. However, there aresome patterns for which presuf shifts must be handled di�erently. The reason for this is madeclear in Section 5, which gives a technical portion of the analysis of the algorithm in Section4.2. These exception patterns are precisely those in which xk , the smallest non-null presuf, is asingle character and g, the number of groups, is one. Presuf shifts for these exception patternsare handled separately in Section 4.4.De�nition. A clone set is a set Q = fs1; s2; � � �g of strings, with si = uvki , where u is a propersu�x of primitive v and ki � 0. A set U of pattern instances is half-done if jU j � 2 or the setof associated presufs forms a clone set.The following lemma is the key to our elimination strategy.Lemma 4.5 Consider three presuf pattern instances pa; pb; pc, a < b < c (the order of the in-dices corresponds to the left-to-right order of the pattern instances). Suppose the set fxa; xb; xcgis not a clone set. Then there exists an index d in p1 with the following properties. The char-acters in p1; p2; : : : ; pa aligned with p1[d] are all equal; however, the character aligned with p1[d]in at least one of pb and pc di�ers from p1[d]. Moreover m� jxaj+ 1 � d � m, i.e., p1[d] liesin the su�x xa of p1.Proof: The substrings of p1; : : : ; pa aligned with the su�x xa of p1 are all identical to the stringxa. Let the substring of pb (respectively pc) aligned with the su�x xa of p1 be yb (respectivelyyc). See Fig.2. It su�ces to show that at least one of yb or yc is not identical to xa. Supposefor a contradiction that yb = yc = xa.Let yb = zbxb and yc = zcxc. Note that zb is a su�x of zc. As yb = yc, a simple inductionshows that yb = uvl, where u is a proper pre�x of v and l � 1, and jvj is either jxbj � jxcj orsome proper divisor of jxbj � jxcj and v is primitive. As xa = yb, if l � 2, xa is periodic withcore v.First suppose xa is periodic with head u and core v. By Lemma 4.2, if jxbj > juvj, xb = uvhfor some h, 1 � h < l. If jxbj < juvj, as jxbj � jxcj is a multiple of jvj, jxbj = jvj + jxcj, soxb = wv for some string w, jwj < juj. But then wv is a pre�x of uv which implies that v iscyclic; this is a contradiction. Thus xb = uvh. As jxbj � jxcj is a multiple of jvj, xc = uvj forsome j, 0 � j < h, contradicting the fact that fxa; xb; xcg is not a clone set.Consequently, xa = uv. If xa is not periodic then jxbj < jxaj=2 and jvj � jxbj�jxcj < jxaj=2.But then jxaj < 2jvj < jxaj, a contradiction. While if xa is periodic, xa = u0(v0)k for somek � 2; also jv0j > juj, by Property 3 of Lemma 4.4; hence jxbj < jvj. But jxcj � jxbj � jvj < 0,a contradiction. 2. 9
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Figure 2: Overlapping pattern instancesLemma 4.5 implies that a comparison of p1[d] with the aligned text character has the followinge�ect: if it is a mismatch, all of p1; � � � ; pa are eliminated, while if it is a match, at least one ofpb and pc is eliminated.Lemma 4.5 enables the elimination of essentially all but one group of pattern instanceswith at most one mismatch. At each step, for the rightmost d yielded by Lemma 4.5, p1[d] iscompared with the aligned text character. If there is a mismatch, the surviving set of patterninstances is half-done, as we show in the following lemma. While if there is no such d, thesurviving set of pattern instances is half-done by Lemma 4.5. This procedure comprises Phase1 of the elimination procedure.Lemma 4.6 If there is a mismatch in Phase 1 of the elimination procedure, the set X ofsurviving pattern instances is half-done.Proof: Suppose it was not, i.e., for some subset fpa; pb; pcg of X , fxa; xb; xcg is not a clone set.The characters in the xi su�x of p1, for i = a; b; c, match the aligned substring of pi. Hence themismatch at p1[d], which created set X , lies to the left of the su�x xi of p1, for i = a; b; c. But,by Lemma 4.5, at least one of pa; pb; pc could have been eliminated by a comparisonmade withinthe su�x of p1 of size maxfjxaj; jxbj; jxcjg. This contradicts the choice of d as the rightmostindex at which a comparison eliminates some pattern instance. 2The elimination among the remaining half-done set of pattern instances also requires at mostone mismatch.Lemma 4.7 Let O = fpi1 ; pi2 ; : : : ; pilg, l � 2, be an uneliminated half-done set and let pi1 2Ar. Then xij = uvh�j , where u is a proper su�x of primitive v and h � l. Further, there existsan index d such that the characters in fpi1 ; pi2 ; : : : ; pil�1g aligned with pil [d] are all equal, butdi�er from the character pil [d]. pil [d] is aligned with or to the left of pi1 [m]. In addition, ifpi1 62 A1 then pil [d] is to the right of p1[m] and within distance jxoj� jxi1 j of p1[m], where po is10



p1 xi1pi1 y = xopi1p1x1x1 v wy wvxi1Figure 3: (a) pi1 2 A1. (b) pi1 62 A1.the rightmost pattern instance in Ar�1. If pi1 2 A1 then pil [d] is to the right of tA and alignedwith or to the left of p1[m].Proof: Each xij , 1 � j � l, is of the form uvhj , for some hj � 0, where u is a proper su�x ofprimitive string v.See Fig.3. Let y denote the string pi1 if pi1 2 A1 and the string xo otherwise. Clearly,y cannot be periodic with core v. If pi1 2 A1 then let w denote the su�x of pi1 of lengthm�jx1j+ jvj. If pi1 62 A1 then let w denote the substring of pi1 which has length jxoj�jxi1 j+ jvjand which overlaps p1 in exactly jvj characters. Note that w 6= uvh0 , where h0 > 0; for otherwise,by Lemma 2.3 and the fact that v is primitive, the su�x of y of length jwj � jvj is cyclic in vand therefore, y is periodic with core v, contrary to assumption.Let w0 be the smallest su�x of w which is not of the form u0vh0 , with u0 a su�x of v andh0 > 0. De�ne d to be the index in pi1 corresponding to jw0. Clearly, jw0j > jxi1 j � (l � 1)jvj.Therefore, pi1 [d+ (l � 1)jvj] is a character in w. In addition, if pi1 2 A1, then jw0j > jx1j andtherefore pi1 [d+ (l� 1)jvj] is aligned with or to the left of p1[m]. The lemma follows if pil [d] isaligned with pi1 [d+ (l � 1)jvj] and the characters in pi1 ; : : : ; pil�1 which are aligned with pil [d]are all identical and di�erent from pil [d]. We show that these two claims are indeed true.First, we show that jxij j � jxij+1 j = jvj, for 1 � j < l. So suppose for a contradiction thatthere is a pattern instance pb 62 O with xb = uvh00 , h00 > 0, and there are pattern instancespa; pc 2 O, pa to the left of pb and pc to the right of pb. See Fig.4. Let pa[e] be the rightmostcharacter in pa such that the substring of pa which starts at pa[e] and overlaps p1 is longer thanjxaj and not periodic with core v. Consider the character p1[e0] aligned with pc[e]. The portionsof pa; pb; pc which overlap the su�x of p1 to the right of e0 are all identical. If Phase 1 stayedto the right of e0 then pa; pb; pc would all have been eliminated by the mismatch at the end ofPhase 1. So p1[e0] must have been compared in Phase 1. A mismatch at e0 eliminates pa and pbwhile a match eliminates pc. Either way, a contradiction results.Finally, note that the character in pij , 1 � j � l� 1, which is aligned with pil [d] is preciselythe character pil [d+ (l� j)jvj]. But pil [d] 6= pil [d+ jvj] = pil [d+ 2jvj] = : : : = pil [d+ (l� 1)jvj].2Corollary 4.8 To eliminate all but one of the pattern instances in any half-done set (in partic-ular, the Phase 1 survivors set) fpi1 ; pi2 ; : : : ; pijg it su�ces to compare a sequence of characterswith the property that any two consecutive characters in the sequence are distance jvj apart,11
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Figure 4: The half-done set is complete.where v is the core of xi1 . Further, the pattern instances in this set are eliminated in right toleft order by this comparison sequence (i.e., in decreasing value of j).Let pil be as in Lemma 4.7; the character in pi1 aligned with pil [d] is compared with thealigned text character. A match eliminates pil ; a mismatch leaves only pil surviving. Iteration ofthis step ends with one pattern instance surviving after at most one mismatch. This comprisesPhase 2 of the elimination procedure.The sequence of comparisons made in Phase 2 is clearly a right to left sequence. If p1 iseliminated in Phase 1 then all comparisons in Phase 2 are made to the right of the characterscompared in Phase 1. Otherwise, if p1 is not eliminated in Phase 1, all comparisons in Phase2 are made to the left of the characters compared in Phase 1.We recapitulate the elimination strategy now. In Phase 1, characters in p1 at indices givenby a precomputed sequence S1 are compared in sequence until a mismatch occurs or until thesequence is exhausted. Associated with a mismatch at the ith comparison given by S1 is anauxiliary sequence S2i of indices. If a mismatch occurs at the ith comparison in S1, Phase 2begins and comparisons are now made according to the auxiliary sequence S2i . A mismatchat any index in the relevant auxiliary sequence completes the elimination process as does theexhaustion of that auxiliary sequence. In either case, only one pattern instance from the setfp1; : : : ; pk; pk+1g survives.Let jS1j = j. The sequences S1 and S21 ; S22; : : : ; S2j collectively form a tree ET (theelimination tree). ET is a binary tree. Each internal node x of ET stores an index indicatingthe comparison to be made. Each internal node has two children. The computation continuesat the left child if the comparison at x is successful, and at the right child otherwise. Thecomputation starts at the root of ET . Each external node stores the one pattern instance tosurvive the two phases of comparisons leading to that external node. The external nodes arealso called terminal nodes. Note that no pattern instance pi can be the survivor at two distinctterminal nodes of ET . This is because one of the two outcomes of the comparison at the leastcommon ancestor of these two nodes in ET is bound to eliminate pi. It follows that the size of12



ET is O(k).The total number of mismatches occurring in the elimination process is at most two becauseeach phase terminates when a mismatch occurs.Lemma 4.9 All but at most one of p1; : : : ; pk; pk+1 can be eliminated by making up to k com-parisons using the O(k) sized binary comparison tree ET . At most two of these comparisonsresult in mismatches. The sequence of comparisons made by the elimination strategy consistsof two left to right sequences. The second sequence is either entirely to the right or entirely tothe left of the �rst one.4.2 Strategy for Handling Presuf ShiftsSubsequent to the elimination due to tree ET the presuf handler proceeds in a manner remin-iscent of the basic algorithm. That is, there is a current pattern instance, pa, which is beingmatched, and which is the leftmost surviving pattern instance. The next leftmost survivingpattern instance, pb, which has a di�erence point with pa is a candidate for elimination. Indeed,a comparison of pa with the text is made at the di�erence point.The analysis of the presuf handler has the following avor. Comparisons, with a few ex-ceptions, are charged to distinct text characters. To be precise, for each su�x shift, at most 2comparisons are charged to the shift rather than to text characters. Even more precisely, if 2comparisons are charged to the shift, the next presuf shift is at distance at least 3(m+1)4 to theright, and otherwise it is at distance at least m+12 to the right. The complexity bound of thealgorithm now follows readily.Theorem 4.10 The algorithm performs at most n+ 83(m+1)(n�m) character comparisons.There are three ways in which text characters are charged:(i) The character compared is charged.(ii) The text character aligned with the left end of the pattern instance eliminated by thecomparison is charged.(iii) The text character to the immediate right of tAj (i.e., aligned with jpk+1) is charged.The three charging methods do not interact readily. To ensure that no text character ischarged twice, the switching from one charging method to the other will occur only at carefullyselected points in the algorithm. In addition, mismatches are not charged according to rule (i),for the text characters in question may be compared again.Basically, charging method (i) is used if a pattern instance is successfully matched (at leastup to a su�x which is a presuf). Charging method (iii) is used only for the comparison thateliminates the presuf pattern instance which survives the elimination procedure ET . Char-ging method (ii) is used otherwise. A partial exception arises for the characters compared byprocedure ET ; this is discussed further below.Following the use of procedure ET , the aim is to perform comparisons essentially as in thebasic algorithm, that is to compare the character at the di�erence point of the two leftmostsurviving pattern instances which are not pre�x overlaps of each other. The analysis ceases tobe as straightforward because of the additional j � k comparisons performed by procedure ET ;indeed, to cope with this, a modi�ed form of the basic algorithm is needed.There are two objectives. 13



1. To avoid repeating comparisons at the text characters successfully compared by pro-cedure ET .2. To perform essentially j fewer comparisons than in the basic algorithm.Objective 1 is achieved by keeping a record of the successful comparisons in a bit vector oflength roughly m.The major di�culty, however, is caused by the method used for charging the j comparis-ons made by procedure ET . It is natural to charge these comparisons to the text characterscompared. Unfortunately, this may conict with the charging using method (ii). To avoidthis di�culty, a single additional comparison, with text character tb, is performed before usingprocedure ET . The following lemma can then be shown.Lemma 4.11 For each text character tc compared by procedure ET , with at most � � 2 excep-tions, there is a distinct previously uncharged text character tc0 , tc0 aligned with or to the left oftc and to the right of jpk+1, such that the pattern instance qc whose left end is aligned with tc0mismatches either the text character tb or some text character matched in procedure ET .Let � be the number of mismatches performed by Procedure ET . Then, in addition, �+� �2.The lemma is proven by specifying a transfer function f , which associates c to c0. The formof f depends on the sequence of comparisons performed by procedure ET . The proof of thelemma is quite non-trivial; it is deferred to Section 5.Lemma 4.11 is used as follows. Let qe be the next pattern instance to match the text (or,at least, to have a su�x, which is also a presuf, matching the text). All pattern instances tothe left of qe, eliminated by comparisons made after the use of procedure ET , are charged usedcharging method (ii). Using the transfer function, those comparisons to the left of jqe made byprocedure ET are charged to text characters which are not otherwise charged. By contrast,text characters aligned with qe are charged using charging method (i). There will be no morethan two comparisons performed by the presuf handler that are not thereby charged to a textcharacter; these comparisons are charged to the presuf handler itself.The algorithm requires a total of �ve subphases, whose details depend on exactly how qearises.It is helpful to distinguish three scenarios that may ensue. To this end, let pe denote thepresuf pattern instance to survive the elimination using tree ET . In addition, let ta denote thetext character tAj.The three scenarios follow:1. All pattern instances overlapping pe are eliminated apart from its presuf overlaps, andpe or at least a su�x of pe is matched.2. pe is eliminated. In addition, there is some pattern instance qc overlapping pe, such thatall pattern instances overlapping qc are eliminated apart from its presuf overlaps; further,qc or at least a su�x of qc is matched.3. pe is eliminated as are all pattern instances overlapping pe. Let qd denote the leftmostsurviving pattern instance in this case. 14



The �rst scenario causes no problems from the perspective of the analysis. It su�ces toensure that none of the successful comparisons made by ET are repeated. The third scenariois handled by using charging scheme (iii) for the comparison which eliminates pe and chargingscheme (ii) for the remaining comparisons in the post ET phase. Lemma 4.11 ensures thatfor each comparison made by ET (with at most two exceptions) with a text character strictlybetween ta and jqd there is a distinct pattern instance whose left end lies strictly between jpk+1and jqd, and which is eliminated by the comparisons made by ET plus the one other comparisonat text character tb. Again, this leads to the desired complexity bound without di�culty.The second scenario provides the greatest di�culty. In order to avoid unnecessary compar-isons, the locations of successful comparisons are recorded. Then, if a di�erence point occurs atone of these matched text characters the present pattern instance pb (see the �rst paragraph ofthe subsection) can be removed without further comparisons. However, following a mismatch itis not clear how to maintain this property. For, with only linear storage, it is not clear how toensure that the current pattern instance, following the mismatch, agrees with the text on a pre-viously matched character, at least if the total work bound is to be linear. (There is no problemif exponential in m space is available for precomputed structures.) To avoid this di�culty, onlythe successful comparisons since the last mismatch are recorded.In fact, this is not quite good enough. It appears necessary to keep track of the characterscompared by procedure ET regardless of how many characters are compared. This avoidssubsequent comparison of these characters. Indeed, any pattern instances mismatching on oneor more of these characters are eliminated immediately after the computation with procedureET . This is done with the help of precomputed information.With this motivation, we proceed with a precise description of the presuf handler procedure.It proceeds in �ve steps.Step 1. (Before the use of tree ET ). The characters in p1; : : : ; pk aligned with p1[m], therightmost character in p1, are identical. If the character in pk+1 aligned with p1[m] is alsoidentical to it, then p1[m] is compared with the aligned text character. A mismatch elimin-ates all of p1; : : : ; pk; pk+1 and the basic algorithm is restarted with jpa placed immediatelyto the right of jpk+1. A match is not immediately bene�cial as it does not eliminate any ofp1; : : : ; pk; pk+1. However, it ensures the elimination of su�ciently many appropriate patterninstances for Scenarios 2 and 3 described above.Step 2. The elimination strategyusing treeET is applied to the pattern instances p1; : : : ; pk; pk+1.Following Step 2, at most one presuf pattern instance survives. Call it pe. Let Q denote theset of pattern instances which overlap pe and have their left end to the right of jpk+1. In theelimination process, some elements of Q may also have been eliminated from being potentialmatches. They need not be reconsidered. Indeed, as the characters successfully matched in Step2 must not be compared anew, it appears that these pattern instances must not be consideredanew. To this end, a subset Qx of Q is associated with each terminal node x in ET .Let Tx denote the indices of the text characters successfully compared in Steps 1 and 2. Qxcontains those pattern instances in Q which match at all the text indices in Tx, except possiblythe last. This seemingly odd exception is necessary in order to store Qx e�ciently. Actually, Qxsatis�es further constraints, but they are not needed for this section. The complete de�nition ofQx and the method for computing it are described in Section 4.5. Here, it su�ces to work withthe following property: all but at most two of the comparisons in Steps 1 and 2 are successfuland are remembered by pattern instances in Qx.15



Suppose that the elimination process terminates at terminal node x. Let Q0 = fpeg [ Qx.The elimination procedure of Step 3 is applied to the pattern instances in Q0.Step 3. This step eliminates among the elements of Q0. qc will denote the leftmost patterninstance to survive Step 3. If qc = pe then every surviving pattern instance overlapping qc willbe a presuf overlap of qc.The strategy used here is similar to the one for the basic algorithm. One of two overlappingpatterns instances is eliminated by comparing at the di�erence point of the two instances.To prevent repeated comparisons of text characters to the right of ta, two additional datastructures are used. The �rst is a bit vector BV [1 : : :2m]. BV [i] = 1 if the ith text characterto the right of ta has been successfully compared in Steps 1 and 2 or in Step 3 since the lastmismatch. The second is a list LBV ; it stores the indices of the bits in BV set to one in Step3 since the last mismatch. Initially, LBV is empty.The elimination procedure for Step 3 follows. Let qa and qb denote the two leftmost une-liminated pattern instances in Q0. Suppose that qb lie i units to the right of qa. The reader isadvised to refer to Section 2 to review the de�nition of difi+1. If difi+1 is unde�ned then qb isremoved from Q0.If difi+1 is de�ned then the bit in BV corresponding to the text character aligned withqa[difi+1] is read. If this bit is 1 then qb is removed from Q0 (qb can be eliminated as it doesnot match an already compared text character). Otherwise, qa[difi+1] is compared with thealigned text character. If the two characters are equal, the corresponding bit in BV is set, thebit's index is added to LBV , and qb is eliminated. If they are not equal, then the bits in BV atall indices currently in LBV are reset to 0, LBV is reset to empty, and qa is eliminated.The elimination procedure is iterated until only one pattern instance remains in Q0. Let qcdenote this remaining pattern instance.Step 4. In this step, either all pattern instances overlapping qc, apart from presuf overlaps, areeliminated, or qc is eliminated.Let Q00 be the set of pattern instances whose left end lies to the right of pej but not to theright of qcj. The following step is repeated until either qc is eliminated or Q00 = �. Let qd bethe leftmost pattern instance in Q00. Suppose qd lies i units to the right of qc. If difi+1 doesnot exist then qd is removed from Q00. Otherwise, the following bit in BV is read: the bitcorresponding to the text character aligned with qc[difi+1]. If this bit is 1, qd is eliminated. Ifit is 0, qc[i] and the aligned text character are compared. If they match then the correspondingbit in BV is set, its index is added to LBV , and qd is eliminated. Otherwise, qc is eliminatedand Step 4 comes to an end.If qc is eliminated then LBV is reset to be empty, BV is reset to 0, and the basic algorithmis restarted with pa = qd. Otherwise, Step 5 is performed.Step 5. This step seeks to complete the match of qc. If at least a presuf of qc is matched,the complete match, or the partial match results in a new presuf shift. Otherwise, the basicalgorithm is resumed with jpa immediately to the right of qcj.Step 5 compares the characters in qc to the right of ta apart from those matched in Steps1 and 2, and those matched in Steps 3 and 4 following the most recent mismatch (incidentally,there was no mismatch in Step 4, as qc survived Step 4 if Step 5 is performed). These charactersare identi�ed with the help of bit vector BV . They are matched in right to left order until eithera mismatch occurs or they are all matched.If they all match qc is declared a complete match if either tlast = � or tlast lies to the left of16



jqc. Recall that tlast is the index of the text character mismatched, if any, immediately prior tothe most recent presuf shift (if there was no mismatch, tlast = �).Next, BV is reset to zero, LBV is reset to be empty, and tlast is updated as follows. If theabove right to left pass results in a mismatch then tlast is set to the index of the text characterat which the mismatch occurs. Otherwise, tlast retains its value unless jqc is to its right. In thelatter case, tlast := �.The present situation is identical to that preceding a presuf shift in the basic algorithm.This resulting shift is treated in the same way; it too is called a presuf shift.4.3 The AnalysisThe comparison complexity of the algorithm of Section 4.2 is given by the following lemma.Lemma 4.12 If p is not a special case pattern and jx01j < m2 for each presuf shift, then thecomparison complexity of the algorithm is bounded by n(1 + 83(m+1)).Proof: We give a charging scheme to account for the comparisons made by the algorithm. Thisscheme charges almost every comparison to a distinct text character. The only exceptions area few of the comparisons made by the presuf shift handler. For each presuf shift, dependingon the distance between this presuf shift and the next one, the charging scheme fails to chargefor up to two of the comparisons made by the presuf shift handler. We refer to the number ofcomparisons which the charging scheme fails to charge to distinct text characters as the overheadof the presuf shift. If a presuf shift has an overhead of two, we show that the next presuf shiftmust occur at least distance 3(m+1)4 to the right of the current presuf shift. The comparisoncomplexity of our algorithm now follows from the fact that any two consecutive presuf shiftsmust occur at least distance m+12 apart.Charging Scheme. The charging scheme charges in phases. The phases begin and end atshifts and at reversions to the basic algorithm. There are four types of phases; for each phasetype a di�erent charging scheme is used.1. A phase beginning and ending with a basic shift.2. A phase beginning in the basic algorithm and ending with a presuf shift.3. A phase beginning with a presuf shift and ending with a reversion to the basic algorithm.4. A phase beginning and ending with a presuf shift.Consider any phase and let q1 and q2 refer to the leftmost surviving pattern instances at thebeginning and end of the phase, respectively. Note that for Type 3 and Type 4 phases, q1 is apresuf overlap of the pattern instance q0, the leftmost uneliminated pattern instance prior to thepresuf shift which initiated this phase. Speci�cally, the pre�x x01 of q1 is aligned with the su�xx01 of q0 (Recall from the start of Section 4 that on a presuf shift, we assume that the su�x x01of q1 matches the text).The charging scheme obeys the following properties.1. At the start of a Type 1 or Type 2 phase, only text characters to the left of q1 have beencharged. 17



2. At the start of a Type 3 or Type 4 phase, only text characters aligned with or to the leftof the pre�x x01 of q1 have been charged.Type 1 Phase. Suppose i comparisons were made in this phase. These i comparisons arecharged to text characters which are aligned with q1 but to the left of jq2. By Lemma 3.1, jq2lies at least i characters to the right of jq1. Thus, each text character aligned with q1 and to theleft of jq2 is charged at most once in this process. Clearly, Property 1 holds at the start of thenext phase.Type 2 Phase. In each comparison, a distinct character in q1 is compared with the alignedtext character. Each of these comparisons is charged to the text character compared. Thus,each text character aligned with q1 is charged at most once in this process. Clearly, Property 2holds at the start of the next phase.The charging scheme for Type 3 and Type 4 phases is more involved. Before describing thescheme, we mention the ranges of the text characters charged in each case.Type 3 Phase. The text characters charged lie to the right of the right end of the pre�x x01of q1 and to the left of jq2. Each text character in this range is charged at most once. Clearly,Property 1 holds at the start of the next phase.Type 4 Phase. The text characters charged lie to the right of the right end of the pre�x x01of q1 and are aligned with or to the left of the rightmost character in the pre�x x01 of q2. Eachtext character in this range is charged at most once. Clearly, Property 2 holds at the start ofthe next phase.Clearly, the ranges of the text characters charged for di�erent phases are disjoint. Next, wespecify the charging scheme for Type 3 and Type 4 phases and justify the claims regarding theoverhead.Consider a presuf shift which initiates a new Type 3 or Type 4 phase. Let q0 be the leftmostuneliminated pattern instance immediately before the presuf shift. Recall that ta is the textcharacter aligned with q0j. Consider the comparisons made by the current use of the presufshift handler. If a mismatch occurs in Step 1, the current phase ends immediately and the basicalgorithm is resumed. The presuf shift in this case has overhead 1 and the next presuf shiftoccurs at least distance m + 1 to the right. Next, suppose that the comparison in Step 1 issuccessful. Let pe be the presuf pattern instance to survive the elimination using tree ET inStep 2. After the presuf shift handler �nishes, one of the three scenarios mentioned Section 4.2ensues. We consider each in turn.1. All pattern instances overlapping pe are eliminated apart from its presuf overlaps, and pe orat least a su�x of pe is matched. This is a Type 4 phase.All comparisons made by the presuf shift handler, except the unsuccessful comparisons inStep 2, are charged to the text characters compared. The bit vector BV ensures that each ofthese comparisons involves a di�erent text character. Thus each text character which lies tothe right of ta and is aligned with or to the left of pej is charged at most once. At most twocomparisons in Step 2 are unsuccessful, so this shift has overhead at most two.Consider the situation when there are exactly two mismatches in Step 2. p1 is clearlyeliminated in this case. In addition, we show in the next paragraph that if x1 is periodic, withcore v and head u say, then all pattern instances whose associated presufs have the form uvo,o � 1, are also eliminated. Let xe be the presuf associated with pe. It follows that x1 = xewxe18



for some non-empty string w. Since p = x1zx1, for some non-empty string z, jxej � m�34 . Thisguarantees that the next presuf shift occurs at least distance 3(m+1)4 to the right. If there is justone mismatch in Step 2 then, as jx01j < m2 , the next presuf shift occurs at least distance m+12 tothe right.To see that two mismatches in Step 2 eliminate all presuf pattern instances with associatedpresufs of the form uvo, o � 1, it su�ces to show that at most one such pattern instance survivesthe �rst mismatch; the second mismatch will surely eliminate this pattern instance. Supposetwo pattern instances pi1 ; pi2, i1 < i2, i1; i2 6= 1, xi1 = uvo1 , xi2 = uvo2 , o1; o2 � 1, survive the�rst mismatch, which occurs at text character tx, say. The portions of p1 and pi1 to the rightof tx match each other while the characters in p1 and pi1 aligned with tx are di�erent. Thisimplies that p1 and pi2 have a di�erence point strictly between tx and tb; more precisely, thecharacter in p1 which is distance (o2 � o1)jvj to the right of tx is a di�erence point. Therefore,either p1 or pi2 would have been eliminated before the �rst mismatch, which is a contradiction.2. pe is eliminated. In addition, there is some pattern instance qc overlapping pe, such that allpattern instances overlapping qc are eliminated apart from its presuf overlaps; further, qc or atleast a su�x of qc is matched. This is also a Type 4 phase.Each comparison in Steps 1 and 2 with a text character to the left of jqc for which functionf is de�ned is charged to the text character speci�ed by the function f , called its f value; fvalues are distinct by de�nition. Comparisons in Step 3 fall into one of three categories (seeLemma 4.11 and the following paragraph):1. Comparisons which eliminate patterns instances whose left ends lie to the right of jpk+1and to the left of jqc.2. Comparisons which eliminate pattern instances whose left ends are aligned with or to theright of jqc.3. The comparison which eliminates pe.Each comparison in the �rst category is charged to the text character aligned with the left end ofthe pattern instance eliminated. By the de�nition of the function f , these text characters do notoccur in the range of f values. Comparisons in the second category, along with the comparisonsmade in Steps 4 and 5 and those successful comparisons in Steps 1 and 2 that involve textcharacters overlapping qc, are charged to the text characters compared. BV ensures that eachof these comparisons involves a distinct text character. Thus each text character which liesto the right of jpk+1 and is aligned with or to the left of qcj is charged at most once. Thecomparison that eliminates pe is charged to the text character aligned with jpk+1. Since all fvalues lie to the right of jpk+1 and all pattern instances eliminated by comparisons in the �rstcategory are with left ends to the right of jpk+1, this text character is charged exactly once. Thetwo comparisons in Step 2 lacking f values constitute the overhead of this presuf shift. Sincepe is eliminated, the next presuf shift occurs at least distance m+ 1 to the right of the currentpresuf shift.3. pe is eliminated as are all pattern instances overlapping pe. This is a Type 3 phase.Let qd denote the leftmost surviving pattern instance. All comparisons in Steps 1 and 2 forwhich function f is de�ned are charged to their f values. f values are distinct by de�nition.Excluding the comparison which eliminates pe, each comparison in Steps 3 and 4 eliminatessome pattern instance whose left end lies to the right of jpk+1 and to the left of jqd. Each such19



comparison is charged to the text character aligned with the left end of the pattern instanceeliminated. These text characters cannot occur in the range of the function f and hence arecharged only once. Thus each text character which lies to the right of jpk+1 and to the left ofjqd is charged at most once. The comparison that eliminates pe is charged to the text characteraligned with jpk+1. The two comparisons in Step 2 lacking f values constitute the overhead ofthis presuf shift. Since pe is eliminated, the next presuf shift occurs at least distance m+ 1 tothe right of the current presuf shift. 2The following lemma is shown in Section 4.5.Lemma 4.13 The total space used by the algorithm for the case when jx01j < m2 for all presufshifts is O(m). Further, for any terminal node x of ET , Qx can be obtained in O(m) time.The preprocessing required by the algorithm can be accomplished in O(m2) time.Lemma 4.14 Suppose that p is not a special case pattern and jx01j < m2 for all presuf shifts.Then the total time taken by the algorithm is O(n+m), following preprocessing of the patternwhich takes O(m2) time.Proof: By Lemma 4.12, the number of character comparisonsmade is O(n). It remains to countthe time spent in all other operations. The basic algorithm makes only character comparisons.Next, consider the presuf handler of Section 4.2. Steps 1 and 2 make only character comparisons.Following Step 2, computing Qx takes O(m) time by Lemma 4.13. Steps 3 and 4 take O(m)time because jQ0j; jQ00j = O(m) and each of the operations in these steps, except the operationsused for resetting BV , leads to the removal of a pattern instance from one of Q00 or Q0. Further,the total time spent by Steps 3 and 4 in resetting BV is bounded by the time taken by thesesteps to set bits in BV , which is O(m). Clearly, Step 5 takes O(m) time. Thus, the total timetaken by the the presuf handler of Section 4.2 is O(m). Since any two presuf shifts occur atleast m� jx01j > m=2 distance apart, the total time taken by the algorithm is O(n+m). 24.4 Handling Presuf Shifts for Special Case PatternsAs mentioned in Section 4.1, a di�erent algorithm is needed to handle presuf shifts for patternsfor which jxkj = 1 and g = 1. We give an algorithmwhich handles presuf shifts for such patternswhen jx01j < m2 (recall that x01 for a presuf shift was de�ned towards the start of Section 4). Thecase jx01j � m2 is handled in Section 6.The goal of this algorithm is to reach one of the following two situations:1. The identi�cation of a pattern instance qc satisfying the following property: no patterninstance qd which precedes qc survives and a pattern instance overlapping qc survives onlyif it is a presuf overlap of qc.2. A return to the basic algorithm.Further, this is achieved with at most two mismatches.Let xk = b. Any character other than b is called a non-b character. Since we assume thatthe pattern contains at least two di�erent characters, it contains a non-b character. Let p[j] bethe leftmost non-b character in p and let tc denote the text character aligned with jpk+1. Let tdbe the leftmost non-b text character, if any, to the right of, and including, tc.By the de�nition of special cases patterns, all presufs consist solely of b's. Therefore, p1[j]lies to the right of ta. Note that no complete match can occur with one of p[1 : : :j � 1] aligned20



with td. Thus, if td lies to the left of p1[j] then the next potential match instance of p wouldhave its left end to the right of td. Otherwise, the next potential match instance of p has p[j]aligned with td. Also notice that if td does not exist then there are no more complete matches.These observations lead to the following three step procedure.Step 1. This step locates td and then eliminates all but at most one pattern instance qcoverlapping td. Starting at tc, a left to right scan of the text is performed to locate td (i.e.,each text character is compared to b; td is the character at which the �rst mismatch occurs).If td does not exist the algorithm halts. If td exists and lies to the left of p1[j] then the basicalgorithm is restarted with jp placed to the immediate right of td. Otherwise, qc is chosen to bethe pattern instance such that qc[j] is aligned with td. qc is the next potential match instanceto be considered.Step 2. In this step, either qc is eliminated or all pattern instances overlapping qc, except forpresuf overlaps of qc, are eliminated. This is done using the basic algorithm, slightly modi�ed toaccount for the matched pre�x. Suppose the leftmost di�erence points are used in the sequenceS in the basic algorithm, as against any arbitrary di�erence points. Then dif2; : : : ; difj areall equal to j and difj+1; : : : ; difm are all greater than j, whenever de�ned. In Step 2, thecharacters in qc to the right of qc[j] which are at the indices given by S are compared with thealigned text characters in the order in which they appear in S. This continues until either amismatch occurs or the sequence is exhausted. A mismatch leads to the basic algorithm withjp shifted to the right of qc by distance at least j � 1 plus the number of comparisons made inthis step. If no mismatch occurs then Step 3 follows.Step 3. Characters in qc which are not yet matched are compared from right to left with theiraligned text characters until a mismatch occurs or qc is fully matched. The present situation isnow identical to the situation at the beginning of a presuf shift and is handled in the same way.The comparison complexity of the above algorithm is determined by the following lemma.Lemma 4.15 If p is a special case pattern and jx01j < m2 for each presuf shift, then the com-parison complexity of the algorithm is n(1 + 2m+1 ).Proof: We give a charging scheme to account for the comparisons made by the algorithm forhandling special case patterns. The de�nition of a phase, the charging scheme for Type 1 andType 2 phases, and the ranges of text characters charged in each phase type remain the same asin Lemma 4.12. Only the charging scheme for Type 3 and Type 4 phases needs to be modi�edin accordance with the presuf shift handler for special case patterns.Consider a presuf shift which initiates a new Type 3 or Type 4 phase. We show that it hasan overhead of at most one. The comparison complexity of the algorithm now follows from thefact that jx01j < m2 and therefore, any two consecutive presuf shifts must occur at least m+12characters apart.Charging Scheme for the Presuf Shift Handler. Let q0 and q1 be the leftmost uneliminatedpattern instances immediately before and after the presuf shift, respectively. Recall that ta isthe text character aligned with q0j.We show that presuf shifts have overhead at most one for these patterns. Let qc be theleftmost pattern instance which survives Step 1. All successful comparisons in Step 1 arecharged to the text characters compared. These text characters lie to the left of qc[j], where jis the least index such that p[j] di�ers from p[m]. The lone unsuccessful comparison in Step 1constitutes the overhead of this shift. Consider two cases now.21



1. Suppose qc survives Step 2. All comparisons made in Steps 2 and 3 are charged to thetext characters compared. Thus, each text character which lies to the right of ta and isaligned with or to the left of qcj is charged at most once. All future comparisons will becharged to text characters to the right of qcj.2. Suppose qc does not survive Step 2. Each successful comparison in Step 2 eliminates somepattern instance lying entirely to the right of qc[j] and is charged to the text characteraligned with the left end of that pattern instance. The unsuccessful comparison whicheliminates qc in Step 2 is charged to the text character aligned with qc[j]. Thus, eachtext character lying strictly between ta and jqd is charged at most once, where qd is theleftmost surviving pattern instance at the end of Step 2. All future comparisons will becharged to text characters aligned with or to the right of jqd.2Lemma 4.16 Suppose that p is a special case pattern and jx01j < m2 for all presuf shifts. Thenthe total time taken by the algorithm is O(n+m), following preprocessing of the pattern whichtakes O(m2) time. The total space used by the algorithm is O(m).Proof: The lemma, except for the preprocessing time, is obvious from the above description.Since no extra preprocessing is required for special case patterns, the lemma follows from Lemma4.14. 2Theorem 4.17 Suppose for all presuf shifts, jx01j < m2 . Then the total space used by thealgorithm is O(m) and the total time taken by the algorithm, after preprocessing, is O(n+m).The preprocessing required by the algorithm takes O(m2) time.Proof: Follows from Lemmas 4.14 and 4.16. 24.5 Data Structure DetailsWe prove Lemma 4.13 in this section. The following data structures are used by the algorithm.1. The array S used in the basic algorithm.2. An array, indexed by i, storing difi, 2 � i � m, used by the presuf shift handler.3. BV and LBV , the bit vector and its associated list.4. ET , the elimination tree.5. Qx, for each terminal node x of ET , as de�ned after Step 2 in Section 4.2.Of these, the �rst three have size O(m) by de�nition. By Theorem 4.9, ET has size O(m) too.It remains to show how to represent Qx, for each terminal node x of ET , using O(m) spaceoverall. The following de�nitions are helpful. Let tb be the text character aligned with p1j. LetQ refer to the set of pattern instances which overlap pk+1, have left ends to the right of jpk+1and either match or do not overlap tb.Before showing how to maintain Qx, it is helpful to recapitulate some structural propertiesof ET . ET is a binary tree with each internal node having two children. At each internal22



node y, a character cy in p is potentially compared with the text character tcy . A successfulcomparison leads to the left child of y while a mismatch leads to the right child. Comparisonsare made starting at the root of ET and continuing until a terminal node (a leaf) is reached. Anode in ET lies in the right subtree of at most two of its ancestors.Node x is said to be a failing descendant of node y if x is a proper descendant of y and liesin the right subtree of y. A terminal node x can be a failing descendant of at most two nodesin ET . Let p(x) denote the parent of x. For each terminal node x, let Anc(x) be de�ned asfollows. If both children of p(x) are terminal nodes and p(x) is the right child of p(p(x)) thenAnc(x) is the set of proper ancestors of p(x). Otherwise, Anc(x) is the set of proper ancestorsof x.q 2 Q is said to occur at terminal node x of ET if q 2 Qx. In Section 4.2, we tentativelyde�ned Qx to be the set of pattern instances in Q which match at all text characters comparedsuccessfully at nodes in Anc(x) (actually, the de�nition was not this precise). Now, we re�nethis de�nition by letting Qx satisfy some additional constraints. Informally, q should occur at xif it is consistent with all comparisons made at nodes in Anc(x). This motivates the followingcharacterization of Qx. Let Y � Anc(x) consist of those nodes with respect to which x is afailing descendant. Then Qx is the maximal subset of Q such that each q 2 Qx satis�es thefollowing properties:1. 8y 2 Anc(x)� Y , the character in q aligned with tcy , if any, matches the character cy.2. 8y 2 Y , the character in q aligned with tcy , if any, is di�erent from cy.ET may have �(m) terminal nodes. Even though jQxj < m for each terminal node x, storingQx explicitly for each terminal node x could require 
(m2) space overall. We show how to storethe sets Qx so that O(m) space is used in total and any particular Qx can be retrieved in O(m)time.Let l1; l2; : : : ; lh, in that order, be the nodes along the leftmost path in ET starting at theroot and ending at the terminal node lh. De�ne the right subtree of li to be the subtree rootedat the right child of li. Note that tcl1 ; : : : ; tclh�1 form a right to left sequence. We show howto maintain Qx, for all terminal nodes x in the right subtrees of l1; : : : ; lh�1, in O(m) spacealtogether. Only the terminal node lh remains and Qlh can be stored explicitly in O(m) space.We mark some of the nodes l1; : : : ; lh�1. Node li is marked if its right child is neither aterminal node nor the parent of two terminal nodes. Thus, node li is marked if Phase 2 couldmake at least two comparisons following a mismatch at tcli . Let l01; : : : ; l0s, in that order, be thenodes marked.The following lemmas are helpful.Lemma 4.18 Consider terminal nodes x1 and x2 of ET and let their least common ancestorbe y. Suppose at most one of the following is true: �rst, y is the parent of both x1 and x2 andsecond, y is the right child of p(y). If q occurs at x1 and at x2 then q does not overlap tcy.Proof: Clearly, y 2 Anc(x1) and y 2 Anc(x2). Suppose q overlaps tcy . Let c be the characterin q aligned with tcy . Without loss of generality, assume that x1 is a failing descendant of y.Then x2 is not a failing descendant of y. By the de�nition of Qx1 , c 6= cy. By the de�nition ofQx2 , c = cy, a contradiction.2Corollary 4.19 Let i � 1 be the smallest number such that q 2 Q does not overlap tcli. q canoccur at terminal nodes in the right subtrees of at most one of l1; : : : ; li�1. Further, if q occurs23



at some terminal node in the subtree rooted at li, it cannot occur at terminal nodes in the rightsubtrees of any of l1; : : : ; li�1.Lemma 4.20 Let i � 1 be the smallest number such that q 2 Q does not overlap tcli. Supposeq occurs at a terminal node in the subtree rooted at li. Then q occurs at all terminal nodesin the right subtrees of each of those nodes among li; : : : ; lh�1 which are unmarked. Further, qoccurs at lh.Proof: Clearly, the characters in q which overlap tcl1 ; : : : ; tcli�1 match the characters cl1; : : : ; cli�1,respectively. Further, q does not overlap tcli ; : : : ; tclh�1. Therefore, q occurs at lh. In addition,if a terminal node x is in the right subtree of an unmarked node lj , j � i, then either lj = p(x)or lj = p(p(x)) and p(x) 62 Anc(x). From the de�nition of Qx, q must occur at x. 2Lemma 4.21 Consider marked node l0i, 1 � i � s, and let j be the smallest number such thattcl0i is to the left of the su�x xj of p1. pj�1 must be the rightmost pattern instance in its group.In addition, pj is the leftmost presuf pattern instance to survive a mismatch at tcl0i.Proof: Since l0i is marked, at least three presuf pattern instances must survive a mismatch attcl0i . Let the leftmost three such pattern instances be pa; pb; pc (listed in left to right order). LetAw be the group containing pj . Write xj as uve, where e � 1, u is a proper su�x of primitivev, and all presufs associated with Aw have the form uve0 , e0 � 1.By Lemma 4.5, successful comparisons within the su�x xj of p1 su�ce to eliminate all butat most two of the pattern instances in the groups Aw+1; : : : ; Ag (at most two pattern instancesin Aw+1; : : : ; Ag can form a half-done set with pj). Therefore, pa 2 Aw and xa = uvea , ea � 1.Since pa; pb; pc all survive the mismatch at tcl0i , fpa; pb; pcg is a half-done set and therefore ea � 2.It follows that xb = uveb , eb � 0, and xc = uvec , ec � 0.Next, suppose pj�1 is not the rightmost pattern instance in its group. Then pj�1 2 Aw andxj�1 has the form uve+1, e+1 � 2. We show that pb would have been eliminated by a comparisonto the right of tcl0i , which is a contradiction. Note that pj�1 and pa have a di�erence point,which is aligned with or to the right of tcl0i and aligned with p1. Let pj�1[d] be the rightmostsuch di�erence point. Clearly, pj�1[d] is to the left of the su�x xa of p1. pj�1[d+ (ea � eb)jvj]is a di�erence point of pj�1 and pb which is aligned with p1. A match at this di�erence pointwould have eliminated pb.Finally, suppose pa 6= pj . Then pj and pa have a di�erence point, which is aligned with orto the right of tcl0i and aligned with p1. Let pj [d] be the rightmost such di�erence point. Anargument similar to the one in the previous paragraph shows that pj and pb have a di�erencepoint to the right of pj [d] and aligned with p1; a match at this di�erence point would haveeliminated pb, which is a contradiction. 2Corollary 4.22 Consider marked nodes l0i1 and l0i2, 1 � i1 < i2 � s. Let xi�1 and xj�1 be thesmallest su�xes (which are also presufs) of p1 which overlap tcl0i1 and tcl0i2 respectively. Theni 6= j.Proof: If i = j then by Lemma 4.21, pj is the leftmost presuf pattern instance to survive themismatches at both tcl0i1 and tcl0i2 . But since a pj survives a mismatch at tcl0i1 , it cannot survivea match at tcl0i1 and therefore, it cannot survive a mismatch at tcl0i2 . 224



Lemma 4.23 The size of the presuf corresponding to the rightmost pattern instance in Aj ,1 � j � g, is at most m( 32 )j .Proof: For j = 1, the claim is clearly true. Assume that the claim is true for Aj�1, i.e., thesize of the presuf corresponding to rightmost pattern instance pe in Aj�1 is less than m( 32 )j�1 .xe has either the form uvv or the form uv, where u a proper su�x of v. In the former case,xe+1 = uv and in the latter case, xe = xe+1zxe+1 for some non-empty string z (as uv is notperiodic). Thus jxe+1j < 2jxej3 . The claim follows. 2Lemma 4.24 The number of pattern instances in Q which overlap tb and are entirely to theright of tcl0i is less than m( 32 )s�i+1 , for all i, 1 � i � s.Proof: From Lemma 4.21 and Corollary 4.22, the rightmost presuf pattern instance pj suchthat the su�x xj of p1 overlaps tcl0i must be the rightmost pattern instance in some group Aj0 ,j0 � s� i+ 1. The lemma follows from Lemma 4.23. 2Consider the right subtrees of l01; : : : ; l0s. Note that the comparisons made in each of thesesubtrees are aimed at eliminating half-done sets whose leftmost pattern instances are in distinctgroups. Each of these comparisons is made to the right of p1[m], as described in Lemma 4.7and Corollary 4.8.Lemma 4.25 The number of pattern instances in Q which are entirely to the right of tb andoverlap some text character compared in the right subtree of l0i is at most m( 32 )s�i+1 , for all i,1 � i � s.Proof: Recall from Lemma 4.7 that a half-done set whose leftmost pattern instance is in groupAj , j > 1, is eliminated in Phase 2 of the elimination strategy by making comparisons at textcharacters which are at most distance jxj0�1j � jxj0 j to the right of tb, where pj0 is the leftmostpresuf pattern instance in Aj . From Lemma 4.23, jxj0�1j < m( 32 )j�1 , the lemma follows. 2Lemma 4.26 Consider a marked node l0i and the set of terminal nodes in its right subtree. Ifa pattern instance q occurs at two of these terminal nodes, say w and y, then q occurs at allterminal nodes in the subtree rooted at the least common ancestor z of w and y.Proof: By Lemma 4.18, q does not overlap the character tcz . Since comparisons made in theright subtree of l0i constitute a right to left sequence, q does not overlap tcz0 , where z0 is anydescendant of z. The lemma now follows immediately from the de�nition of the sets Qx.2We are now ready to describe the data structure for storing the Qx's. The following subsetsof Q are required: Z1; : : : ; Zh�1, Y1; : : : ; Yh�1 and W1; : : : ;Ws. The Z and the Y sets are usedfor terminal nodes which lie in the right subtrees of the unmarked nodes among l1; : : : ; lh�1.The W sets are used for terminal nodes which lie in the right subtrees of marked nodes.The Z sets are de�ned �rst. For each i, 1 � i � h � 1, where li is unmarked, de�ne Zi tobe the set of pattern instances in Q which overlap tc(li) and occur only at terminal nodes inthe right subtree of li. Clearly, Ph�1i=1 Zi = O(m).The Y sets are de�ned next. For each i, 1 � i � h � 1, de�ne Yi to be the set of patterninstances q 2 Q with the following properties. 25



1. q does not overlap tcli .2. If i > 1, q overlaps tcli�1 .3. q occurs at a terminal node in the subtree rooted at li.Clearly, Ph�1i=1 Yi = O(m). Further, each pair of Y sets is disjoint and Zi is disjoint fromY1; : : : ; Yi. The following lemma explains the signi�cance of the Y and Z sets.Lemma 4.27 If terminal node x is in the right subtree of unmarked node li, Qx = Y1 [ Y2 [� � � [ Yi [ Zi.Proof: Suppose q 2 Qx. If q overlaps tcli then, by Corollary 4.19, q 2 Zi. If q does not overlaptcli then clearly q must be in some Yj , j � i.Next, suppose q 2 Yj , j � i. By Lemma 4.20, q 2 Qx. Finally, if q 2 Zi then q 2 Qx as theonly internal node (if any) in the right subtree of li is not in Anc(x). 2Finally, theW sets are de�ned. For each i, 1 � i � s, Wi consists of those pattern instanceswhich occur at some terminal node in the right subtree of marked node l0i. Let W 0i denote theset obtained fromWi by removing those pattern instances which do not overlap any of the textcharacters compared in the right subtree of l0i.Lemma 4.28 Psi=1 jW 0i j = O(m).Proof: Split W 0i into two disjoint subsets, W 1i and W 2i . W 1i consists of those pattern instanceswhich overlap tcl0i and W 2i consists of pattern instances which do not overlap tcl0i .By Lemma 4.18, pattern instances in W 1i occur only at terminal nodes in the right subtreeof l0i. Therefore, it su�ces to show that Psi=1 jW 2i j = O(m). From Lemmas 4.24 and 4.25, itfollows that Psi=1 jW 2i j =Psi=1(2 m( 32 )s�i+1 ) = O(m). 2Consider some i, 1 � i � s. The manner in which Wi is maintained so as to facilitate therecovery of Qx for each terminal node x in the right subtree of marked node l0i remains to beshown. Clearly, pattern instances in Wi � W 0i occur at all such nodes x and can be storedimplicitly in constant space by just storing the rightmost text position compared in the rightsubtree of l0i. For the terminal nodes x in li's right subtree, we show how to store the patterninstances in Qx \W 0i using a total of O(jW 0i j) space (summing over all x). The linear spacebound then follows from Lemma 4.28.At each internal node y in the right subtree T of l0i, a set Comy is stored. At each terminalnode x in T , a set Specx is stored. For each q 2 W 0i , if q occurs only at terminal node x thenit is added to Specx. Otherwise, if q occurs at more than one terminal node in T then q isadded to the set Comy, where y is the least common ancestor of those terminal nodes at whichq occurs. Clearly, all Com and Spec sets are disjoint and therefore, the total space taken bythem is O(jW 0i j). The following lemma shows how Qx can be retrieved from the Com and Specsets, for each terminal node x in T .Lemma 4.29 For each terminal node x 2 T , Qx = (Wi�W 0i )[Comy1[Comy2[� � �[Comyj [Specx, where y1; : : : ; yj are the proper ancestors of x in T .26



Proof: Follows immediately from Lemma 4.26. 2.To compute Qx as an ordered list, it su�ces to maintain each of the Y , Z, Com and Specsets as ordered lists which are then appended together in O(m) time according to either Lemma4.27 or Lemma 4.29, as the case may be.This concludes the data structure description. We remark that all the data structures men-tioned at the beginning of this section can be computed using naive algorithms in O(m2) time.5 The Transfer function fBefore giving the de�nition of the function f , we prove a number of preliminary lemmas.5.1 Preliminary LemmasThese lemmas describe some properties of periodic strings and the distribution of text characterscompared in Step 2 (the elimination tree phase) of the presuf handler described in Section 4.2.Let V = fp1; p2; : : : ; pk; pk+1g. Consider the set of pattern instances in V which are right-most in their respective groups. Let pi be a pattern instance in this set. We introduce a functionh(xi) which is central to the analysis.De�nition. If i < k then h(xi) is de�ned by one of the following three cases.1. xi is periodic. Then xi+1 is periodic too. Let u and v be the head and core, respectively,of xi. Let w be the core of xi+1. h(xi) is de�ned to be the su�x of p1 of length jvj+ jwj.2. xi = uvu is not periodic, where juj is its s-period. Further, xi+1 is periodic with core w.h(xi) is de�ned to be the su�x of p1 of length jvj+ juj+ jwj.3. xi = uvu is not periodic, where juj is its s-period. Further, xi+1 is not periodic. h(xi) isde�ned to be the su�x of p1 of length juj.If i = k + 1 then h(xi) is de�ned to be the empty string. Note that i 6= k as pk and pk+1 areboth in the same group.The �rst two lemmas consider the case when i < k and xi+1 is periodic with core w. Theyshow that h(xi) cannot be periodic with core w.Lemma 5.1 Suppose xi = uv2, where v is the core of xi. Further, suppose xi+1 = uv = w0wk1is periodic with core w, jwj < jvj. Then h(xi) is not periodic with core w.Proof: w is a su�x of v. Since v is primitive, jvj is not a multiple of jwj. If h(xi) were periodicwith core w then the pre�x of h(xi) of size jwj would have the form xy, x a proper su�x of wand y a proper pre�x of w. But this pre�x of h(xi) is a su�x of v and hence is the string w.This implies that w is cyclic and cannot be the core of xi+1, a contradiction. 2Lemma 5.2 Suppose xi = uvu is not periodic, where juj is the s-period of xi. Suppose thestring xi+1 = u = w0wk1 is periodic with core w, jwj < juj. Then h(xi) is not periodic with corew. 27



Proof: w is a su�x of u. vu is primitive otherwise xi would be periodic. Suppose h(xi) isperiodic with core w. Then jvuj is not a multiple of jwj. Therefore, the pre�x of h(xi) of sizejwj is of the form xy, x a proper su�x and y a proper pre�x of w. But this pre�x of h(xi) isa su�x of u and hence is the string w. This implies that w is cyclic and cannot be the core ofxi+1, a contradiction. 2The next lemma describes the order in which pattern instances in a half-done set are elim-inated in Step 2 of the presuf shift handler.Lemma 5.3 Let pi1 ; : : : ; pir , r � 3, be pattern instances in V comprising a half-done set. Forany l, 3 � l � r, if pi1 and pil both survive at any instant in Step 2 then pi1 ; : : : ; pil�1 alsosurvive at that instant.Proof: We show that the lemma is true for any instant in Phase 1 and at the end of Phase 1.For Phase 2, the lemma follows from Corollary 4.8.Consider the rightmost position e such that pi1 [e] is to the left of tb (recall that tb is thetext character aligned with p1[m]) and di�erent from the character in pil aligned with it. Theportions of pi1 ; : : : ; pil whose left and right ends are aligned with pi1 [e+ 1] and tb, respectively,are identical and periodic with core v, where v is the core of xi1 . The portions of pi1 ; : : : ; pil�1whose left and right ends are aligned with pi1 [e] and tb, respectively, are identical. Therefore, acomparison to the right of pi1 [e] eliminates none or all of pi1 ; : : : ; pil depending upon whether itsucceeds or fails. A comparison at pi1 [e] eliminates either pil or all of pi1 ; : : : ; pil�1. Thus, if pi1and pil survive at any instant in Phase 1 or at the end of Phase 1 then all comparisons madetill that instant are to the right of pi1 [e]. Each of these comparisons eliminates none or all ofpi1 ; : : : ; pil. 2The next lemma establishes that if all comparisons in the su�x xi of p1 are successful thenat most two pattern instances to the right of pi survive.Lemma 5.4 Suppose all comparisons made by S1 within the su�x xi of p1 result in matches.Then at most two instances in V among those lying to the right of pi survive. Further, if twoinstances py and pz survive, then fxi; xy; xzg is a clone set.Proof: First, suppose xi is periodic. Then, by the manner in which groups were de�ned, xihas the form uv2. Let pa; pb 2 V , a; b > i. If fxi; xa; xbg is not a clone set then, by Lemma4.5, successful comparisons in the su�x xi of p1 su�ce to eliminate one of pa; pb. Thus, two ormore pattern instances in V to the right of pi can survive only if their presufs form a clone setwith xi. But the only candidates are the pattern instances py and pz whose presufs are uv andu, respectively.Second, suppose xi is not periodic. Then it is of the form uvu, where u is its s-period. Forno two pattern instances py ; pz, y; z > i, can fxi; xy; xzg be a clone set. By Lemma 4.5, one ofpy ; pz, for every such y and z, can be eliminated by a successful comparison made within thesu�x xi of p1. Thus in this case, at most one pattern instance in V to the right of pi survives.2 The next two lemmas establish that if all comparisons within h(xi) are successful then atmost two pattern instances in V to the right of pi survive.Lemma 5.5 Suppose xi+1 is periodic with core w and all comparisons made by S1 within h(xi)result in matches. Then at most two instances in V among those to the right of xi survive.28



Proof: Since the case i = k + 1 is vacuous, we assume that i < k.The proof is based on Lemmas 5.1, 5.2, 5.3 and 5.4. Let As be the group containing pi. Letpi+1; : : : ; py be the pattern instances in group As+1. Consider the set V 0 of pattern instancesin V which are to the right of pi and which survive successful comparisons in the su�x xyof p1. By Lemma 5.4, with at most one exception (call it po), the pattern instances in V 0form a half-done set. By Lemma 5.3, the presufs corresponding to the pattern instances in thishalf-done set comprise the set fw0wk2; : : : ; w0wk3+1; w0wk3g, where k3 equals 0, 1 or 2. LetV 0 = fpi1 ; pi2; : : : ; pij ; pog. We show that successful comparisons in h(xi) eliminate all but atmost one of fpi1 ; pi2 ; : : : ; pijg.Note that fpi1 ; pi2 ; : : : ; pijg is a half-done set. By Lemmas 5.1 and 5.2, the su�x h(xi) ofp1 (and of xi) is not periodic with core w. Let the rightmost su�x of p1 which is longer thanjxi+1j and not periodic with core w begin at p1[e]; p1[e] lies in h(xi). Consider the largesth, 1 � h � j, such that pih survives all comparisons made to the right of p1[e]. Then, byLemma 5.3, pi1 ; : : : ; pih�1 also survive these comparisons while pih+1 ; : : : ; pij are eliminated.If h � 1 then we are done. Otherwise, as shown in the next paragraph, the characters inpi1 ; : : : ; pih�1 aligned with p1[e] are identical to each other yet di�erent from p1[e]. Hence therewill be a comparison involving p1[e], which by assumption is a match; this leaves only pih andpo uneliminated.Since the rightmost eligible character is always chosen by the elimination strategy for com-parison, the portions of pi1 ; : : : ; pih aligned with the su�x of p1 which lies to right of p1[e]match that su�x. Suppose for some r, 1 � r < h, a = pir [c] 6= pir [c+ jwj] = b, where pir [c] isaligned with p1[e]. Since pir+1 is jwj units to the right of pir , the character in pir+1 aligned withpir [c+ jwj] = b is an a, a contradiction. Therefore, the characters in pi1 ; : : : ; pih�1 aligned withp1[e] are all equal to the character p1[e+ jwj]. But, from the de�nition of e, p1[e+ jwj] 6= p1[e].This proves the lemma. 2Lemma 5.6 Suppose xi+1 is not periodic and all comparisons made by S1 within the su�xh(xi) of p1 result in matches. Then at most two instances in V among those to the right of pisurvive.Proof: Since the case i = k + 1 is vacuous, we assume that i < k.By the manner in which groups were de�ned, xi is not periodic. Since xi+1 is not periodic,pi+1 is the rightmost instance in its group. Thus, xi+1 cannot form a clone set with any two ofits presufs. By Lemma 5.4, at most one pattern instance to the right of pi+1 survives successfulcomparisons in the su�x xi+1 = h(xi) of p1. 2The following lemma relates the length of the presufs xi and xi+2 with the su�x h(xi) of p1for i � k � 1.Lemma 5.7 jxi+2j+ jh(xi)j � jxij.Proof: First suppose xi = uvu is not periodic, where u is its s-period. Then jxi+2j < juj. Ifxi+1 is not periodic then h(xi) = u and jxi+2j + jh(xi)j < 2juj < jxij. If xi+1 is periodic withcore w then jh(xi)j = juj+ jvj+ jwj and xi+2 = juj�jwj. This implies that jxi+2j+ jh(xi)j = jxij.Next, suppose xi is periodic with core v and head u. Then xi+1 is also periodic, say with corew. Thus jh(xi)j = jvj+ jwj and jxi+2j = jvj+ juj� jwj. Then jxi+2j+ jh(xi)j = 2jvj+ juj = jxij.2. 29



De�nitions. Let the termmis�t refer to any character that di�ers from the rightmost characterof p. If jxkj > 1, let ri be the number of pattern instances in V which lie to the right of pi.Otherwise, if jxkj = 1, let ri be one more than the number of pattern instances in V which lieto the right of pi and do not belong to the rightmost group. For convenience, we de�ne ri to be0 if jxkj = 1 and pi belongs to the rightmost group.We provide some lower bounds on the number of occurrences of mis�t characters in thepresufs of p and in the cores of periodic presufs.Lemma 5.8 Let jxkj > 1. Let pj, j � k, be any pattern instance in V . Then xj contains atleast rj instances of the string xk and hence rj mis�t characters.Proof: Since xk is the smallest non-null su�x of p that matches a pre�x of p, no non-null su�xof xk matches a pre�x of xk . Hence all instances of xk in any string are disjoint. Since xkitself contains xk and rk = 1, the lemma is true for j = k. Next, suppose j < k and assumeinductively that xj+1 contains at least rj+1 instances of xk . Then since xj+1 is a proper pre�xand a proper su�x of xj , xj must contain at least rj+1+ 1 = rj instances of xk. Since the �rstcharacter of xk di�ers from its last character, xj has at least rj mis�t characters. 2Lemma 5.9 Suppose jxkj = 1. Let pj be any pattern instance in V . Then xj has at least rjmis�t characters.Proof: If pj belongs to the rightmost group then rj = 0 and the lemma holds trivially. Sosuppose pj is not in the rightmost group. Let py be the rightmost pattern instance not inthe rightmost group. xy contains at least one mis�t character, otherwise it would be in therightmost group. Since ry = 1, the lemma is true for j = y. Next, assume that j < y andassume inductively that xj+1 contains at least rj+1 mis�t characters. Then since xj+1 is aproper pre�x and a proper su�x of xj , xj must have at least rj+1+1 = rj mis�t characters. 2Lemma 5.10 Let pj be any instance in V and suppose xj is periodic with head u and core v,jvj > 1. Then v contains a mis�t character.Proof: If v does not contain a mis�t character then xj does not contain a mis�t charactereither. This implies that all the characters in xj are identical. This contradicts the assumptionthat jvj > 1. 2We conclude this section of lemmas with two key lemmas, the h-Su�x Mapping Lemmaand the Half-Done Set Mapping Lemma. In the h-Su�x Mapping Lemma, a set R1(i) of textcharacters is de�ned for each i, 1 � i � k � 1, such that pi is the rightmost instance in itsgroup. In the Half-Done Set Mapping Lemma, a set R2(O) of text characters is de�ned for ahalf-done set O consisting of pattern instances from V . These two sets are used as ranges forthe f function.Recall that V = fp1; : : : ; pkg and tb is the text character aligned with the rightmost characterof p1.Let i � k � 1 and pi be the rightmost instance in its group. Let h0i be the su�x of lengthjxi+2j of the pre�x xi of p. Let R1(i) be the set of text characters with which jp is aligned whensome mis�t character in h0i is aligned with tb.Lemma 5.11 [The h-Su�x Mapping Lemma]. jR1(i)j � ri � 2. All text characters in R1(i)lie strictly to the left of jh(xi) but within the su�x xi of p1.30



� jxi+2jp xi h0ih(xi) tbRange of R1(i)text
Figure 5: The h-Su�x Mapping LemmaProof: (See Fig.5.) By Lemmas 5.8 and 5.9, xi+2 and hence h0i contain at least ri�2 =maxf0; ri� 2g mis�t characters. Therefore, jR1(i)j � ri� 2. By Lemma 5.7, the left end of anypattern instance in which h0i overlaps tb is strictly to the left of jh(xi) and within the su�x xiof p1. 2De�nition. Let O � V be a half-done set consisting of the pattern instances fph1 ; : : : ; phjg,j � 3, ph1 = p1. Let the head and core of xh1 be denoted u and v, respectively. Let v = u0u.Suppose jvj > 1. Further, suppose phi is phi�1 shifted distance jvj to the right, for 1 < i � j. Letic, 2 � c � j, be the largest index such that ph1 [ic] is di�erent from the character in phc alignedwith it (such an index exists by Lemma 4.7). Note that ic � ic�1 = jvj, for all c, 3 � c � j, andthat ph1 [i2] = ph1 [i3] = : : : = ph1 [ij]. The text character tic aligned with ph1 [ic] is called thecharacteristic character of phc .Let d be the leftmost character in the pre�x uu0 of p which di�ers from ph1 [i2]. De�neR2(tic), 3 � c � j, to be the text character with which jp is aligned when d is aligned withtic . In addition, de�ne R2(Oe) to be the set of text characters R2(tic), 3 � c � e � j. Forconvenience, let R2(O) denote R2(Oj).Lemma 5.12 [The Half-Done Set Mapping Lemma] All text characters in R2(Oj) are distinct.R2(tic) is aligned with or to the left of tic and strictly to the right of tic�1 , for 3 � c � j. Allcharacters in R2(Oc) are aligned with or to the left of the characteristic character of phc; inaddition, they are strictly to the right of jpk+1, for 3 � c � j.Proof: By construction, R2(tic) is aligned with or to the left of tic , 3 � c � j. In addition,R2(tic) is at most distance jvj � 1 to the left of tic . As ic � ic�1 = jvj, R2(tic) is strictly to theright of tic�1 .The only part of the lemma still unproven is the claim that all characters in R2(Oj) arestrictly to the right of jpk+1. Note that ti3 is distance jvj to the right of ti2 , R2(ti3) is at mostdistance jvj � 1 to the left of ti3 , and all characters in R2(Oj) are aligned with or to the rightof R2(ti3). Since ti2 is aligned with or to the right of jpk+1, the lemma follows.2Note that phc is eliminated by the time a comparison is made strictly to the left of itscharacteristic character, for 3 � c � j. Further, if a successful comparison eliminates phc thenthis comparison must involve its characteristic character.31



5.2 The Transfer Function fLet C be the set of text characters involved in comparisons in Steps 1 and 2 of the presuf shifthandler of Section 4.2. For each character tc 2 C, with at most two exceptions, we de�ne f(tc)to be a text character td satisfying the following properties.1. td is to the right of jpk+1.2. td either coincides with tc or lies to the left of tc.3. The pattern instance whose left end is aligned with td is eliminated as a result of compar-isons in Steps 1 and 2 of the presuf shift handler.4. For every distinct tc1 ; tc2 2 C, f(tc1) 6= f(tc2).Furthermore, the mismatches, if any, are always included among the exceptions. We refer tothe above properties as Properties 1, 2, 3 and 4, respectively.Since patterns with g = 1 and jxkj = 1 are special case patterns, we assume that g > 1 ifjxkj = 1. Further, if p1[m] does not match the text, then Steps 1 and 2 of the presuf shift handlertogether make at most one comparison. Therefore, we also assume that p1[m] matches the text.Let pl be the rightmost pattern instance in A1. Let pr be the rightmost pattern instance in Voutside Ag, if any.We split the sequence C 0 of comparisons made in Steps 1 and 2 of the presuf shift handlerinto three disjoint classes as follows.1. Class 1 consists of the comparison in Step 1. In addition, if jxkj = 1, then Class 1 containsthe comparisons which comprise the smallest pre�x of C 0 having the following property:either the last comparison in this pre�x is unsuccessful or following that comparison,exactly one pattern instance in Ag survives.2. Class 2 consists of the comparisons in C 0 which follow all Class 1 comparisons and aremade in the su�x h(xl) of p1.3. Class 3 consists of comparisons in C 0 which follow all Class 2 comparisons.Note that if Class 1 contains an unsuccessful comparison then Class 2 is empty because nofurther comparisons are made in the su�x h(xl) of p1. Thus Class 1 and Class 2 together haveat most one unsuccessful comparison. The only other possibly unsuccessful comparison is thelast comparison in Class 3. We do not de�ne an f value for the last comparison in Class 3. Inaddition, one other comparison may not receive an f value. If Class 1 and Class 2 contain anunsuccessful comparison then this comparison does not receive an f value. If all comparisonsin Classes 1 and 2 are successful then one successful comparison in one of the three classes maynot receive an f value. All other comparisons receive f values. Thus, f values are never de�nedfor mismatches and at most two comparisons in C 0 do not receive f values.We de�ne f values for each class in turn. f values for Class 2 comparisons are alwaysde�ned using the set R1(l). These f values are aligned with the su�x xl of p1 and to the leftof h(xl). f values for Class 3 comparisons are de�ned in one of three ways. If all comparisonsin Classes 1 and 2 are successful then these f values are to the left of the su�x xl of p1. IfClass 2 contains a mismatch then these f values are de�ned using the set R1(l). If Class 2 isempty and Class 1 contains a mismatch then these f values are aligned with or to the right of32



the su�x xr+1 of p1. f values for Classes 2 and 3 are easily seen to be distinct. f values forClass 1 comparisons are aligned either with the su�x xr of p1 or with the su�x xr�1 of p1; inLemma 5.17, we show that these f values do not clash with the f values for Classes 2 and 3.Classes 2 and 3. We consider three cases.Case 1. Class 2 contains an unsuccessful comparison.Class 2 and Class 3 together contain at most rl � 1 comparisons in addition to this unsuc-cessful comparison. To see this, note that rl� 1 comparisons in addition to the comparisons inClass 1 su�ce to eliminate all but one of the pattern instances in V to the right of pl. Further,excluding the unsuccessful Class 2 comparison and the last comparison in Class 3, all othercomparisons in Classes 2 and 3 are successful. f is de�ned to map the text characters involvedin these rl � 2 successful comparisons to the text characters in R1(l) in some arbitrary order.By the h-Su�x Mapping Lemma and the fact that all Class 3 comparisons are to the right ofp1[m] is this case, all text characters in R1(l) lie to the left of all the text characters involvedin Class 2 and Class 3 comparisons. Clearly, Properties 2, 3 and 4 are true for these f values.Property 1 follows from the fact that jxlj � jx1j < m2 , and hence jpk+1 is to the left of the su�xxl of p1.Case 2. All comparisons in Classes 1 and 2 are successful.There are at most rl comparisons in Class 2, all of which are successful. f is de�ned to mapthe text characters involved in rl � 2 of these rl comparisons to the text characters in R1(l) insome arbitrary order. As in Case 1, Properties 1, 2, 3 and 4 are satis�ed by these f values.This leaves at most s Class 2 comparisons for some s � 2,Next, we de�ne f values for Class 3 comparisons and s Class 2 comparisons. These f valueswill be de�ned for all comparisons in Class 3 plus the s comparisons in Class 2, with at mosttwo exceptions. These f values will be to the left of the su�x xl of p1, and thus clearly distinctfrom f values for Class 2 comparisons.Following Class 2 comparisons, at most minfrl; 2g � s of the pattern instances to the rightof pl survive along with pattern instances in A1. Let O0 denote the following set of minfrl; 2gpattern instances: those pattern instances to the right of pl which survive Class 1 and Class 2comparisons and those pattern instances which are eliminated by one of the s Class 2 comparis-ons under consideration. Let O refer to the largest half-done set consisting of pattern instancesin A1 and O0. Rede�ne O0 by removing pattern instances in it which are also in O. Consideringcomparisons which eliminate pattern instances in O and O0 is equivalent to considering Class 3comparisons plus the s Class 2 comparisons.Let O = fph1 ; : : : ; pheg. If l = 1, then the number of comparisons in Class 3 plus s is atmost 2�s+s = 2. In this case, we do not de�ne f values for the comparisons in Class 3 and thes comparisons in Class 2. So suppose that l > 1. Each successful comparison which eliminatesa pattern instance in O involves the characteristic character of the pattern instance eliminated.Let v and u be the core and head, respectively, of xh1 and let v = u0u. jvj > 1 because eitherjxkj > 1 or jxkj = 1 and g > 1. By Lemma 5.10, v contains a mis�t character.First, consider successful comparisons which eliminate pattern instances in O. If jOj � 2,there is at most one such comparison in Class 3 and we do not de�ne an f value for it. So supposejOj > 2. There are two subcases depending on the location of the characteristic character tie ofphe .Subcase 2a. Either O0 is not empty and tie is strictly to the left of the left end of the su�xxhe�1 of p1; or O0 is empty and tie is strictly to the left of the left end of the su�x xhe�2 of p1.33



For 3 � c � e, if a successful comparison is made at tic , f(tic) is de�ned to be R2(tic). Bythe Half-Done Set Mapping Lemma, these f values are strictly to the left of the su�x xhe�1 ofp1 if O0 is not empty and strictly to the left of the su�x xhe�2 of p1 if O0 is empty. A simplecase analysis (O0 equals 0, 1, 2) shows that these f values are strictly to the left of the left endof the su�x xl of p1, as claimed. Properties 1, 2 and 4 for these f values follow easily from theHalf-Done Set Mapping Lemma while Property 3 follows from the de�nition of the set R2(O).At most one successful comparison eliminating pattern instances in O does not have an f value:the one eliminating ph2 .Subcase 2b. Either O0 is not empty and tie is aligned with some character in the su�x xhe�1of p1; or O0 is empty and the characteristic character of phe is aligned with some character inthe su�x xhe�2 of p1.In the �rst case, tic , the characteristic character of phc , is aligned with some character inthe su�x xhc�1 of p1, for 2 � c � e. Consider the set R02 of e� 2 text characters with which jpis aligned when the rightmost mis�t character in the pre�x xhc of p, 1 � c � e � 2, is alignedwith tb. Since v contains a mis�t character, the cth leftmost text character in R02 is aligned withsome character in the su�x xhc of p1 and is strictly to the left of the left end of the su�x xhc+1of p1. A successful comparison at tic , 3 � c � e, is mapped by f to the (c � 2)nd leftmostcharacter in R02. Clearly, all characters in R02 are distinct and f(tic) is strictly to the left of tic .All characters in R02 are aligned with some character in the su�x x1 of p1. Thus, Properties 1,2, 3 and 4 are satis�ed by these f values. These f values are strictly to the left of the left endof the su�x xhe�1 of p1. Since O0 is not empty, he�1 � l. Therefore, these f values are strictlyto the left of the left end of the su�x xl of p1. Again, the only successful comparison withoutan f value, if any, is the one eliminating ph2 .In the second case, tic , 4 � c � e, is aligned with some character in the su�x xhc�2 of p1.f values are not de�ned for the two leftmost comparisons under consideration. The remainingcomparisons involve text characters aligned with some character in the su�x xh2 of p1. Asuccessful comparison at tic , 4 � c � e, is mapped by f to the (c� 3)rd leftmost character inR02. Clearly, f(tic) is strictly to the left of tic . As in the �rst case, Properties 1, 2, 3 and 4 aresatis�ed by these f values. All these f values are to the left of the left end of the su�x xhe�2of p1. Since he�2 � l for this case, these f values are strictly to the left of the left end of thesu�x xl of p1. The only successful comparisons without f values, if any, are those eliminatingph3 and ph2 . This ends Subcase 2.1b.Before, we de�ne f values for comparisons which eliminate pattern instances in O0, we needa lemma which will be used later when Class 3 comparisons are de�ned. This lemma can beveri�ed easily from the above description.Lemma 5.13 If O � A1 and jO0j � 1 then the f values de�ned in Subcases 2a and 2b are tothe left of the su�x xl�1 of p1.Next, consider successful comparisons which eliminate pattern instances in O0. If jO0j < 2or no successful comparison eliminates a pattern instance in O0 then no further f values arede�ned. So suppose jO0j = 2 and a successful comparison is made to eliminate one of the patterninstances in O0. By Lemma 4.5, this comparison involves a text character tc which is alignedwith some character in the su�x xhe of p1. f(tc) is de�ned to be the text character with whichjp is aligned when the rightmost mis�t character in the pre�x xhe�1 of p1 is aligned with tb.Since v contains a mis�t character, f(tc) is aligned with some character in the su�x xhe�1 of p134



and is strictly to the left of the su�x xhe of p1. f(tc) is thus to the right of and distinct from allf values de�ned previously for comparisons which eliminate pattern instances in O. Further,f(tc) is to the left of tc because tc is aligned with the su�x xhe of p1. Since jO0j = 2, l = he,and therefore f(tc) is strictly to the left of the su�x xl of p1, as claimed. Properties 1, 2, 3 and4 are easily seen to be true for all Class 2 and 3 comparisons now.Lemma 5.14 For Case 2, f values have been de�ned for all but two of the comparisons inClass 2 and 3. Further, the omitted comparisons include mismatches, if any.Proof: We just need to show that at most two of the comparisons amongst those which eliminatepattern instances in O and O0 do not receive f values, for the mismatches never receive f values.If jOj < 2 then there at most 2 comparisons which eliminate pattern instances in O and O0.If O0 is empty, then f values are de�ned for all but the last two comparisons which eliminatepattern instances in O. So suppose O0 is not empty and jOj � 2. The only possible successfulcomparisons for which an f value might not be de�ned are those which eliminate ph2 or one ofthe pattern instances in O0. There are two cases.First, suppose jO0j = 1. Let O0 = fpzg. The only possible successful comparisons for whichan f value is not de�ned are those which eliminate ph2 or pz. We show that if one of thesesuccessful comparisons actually occurs, then there can be at most one mismatch and if boththese successful comparisons occur then there are no mismatches (recall that all comparisons inClasses 1 and 2 are successful). Suppose ph2 is eliminated by a successful comparison. ph1 mustbe alive immediately before this comparison and ph3 : : :phe must have been eliminated prior tothis comparison. This implies that no mismatch could have occurred before this comparison andonly the pattern instances ph1 and pz survive this comparison. Therefore, if ph2 is eliminated bya successful comparison then there is at most one unsuccessful comparison and if both ph2 andpz are eliminated by successful comparisons then there are no unsuccessful comparisons. Next,suppose pz is eliminated by a successful comparison but no successful comparison eliminatesph2 . Each of the other comparisons in Class 3 eliminates some pattern instance in O and the�rst such unsuccessful comparison eliminates all but one of the instances in O. Therefore, thereis at most one unsuccessful comparison in this case.Second, suppose, jOj � 2 and jO0j = 2. If one of the pattern instances in O0 is eliminated bya successful Class 2 or Class 3 comparison then an f value is de�ned for this comparison. Fromthis point onwards, jOj � 2 and jO0j = 1. Therefore, the argument in the previous paragraphapplies. On the other hand, if no successful Class 2 or 3 comparison eliminates a pattern instancein O0 then the �rst comparison in Class 3 must be unsuccessful. This comparison leaves at mosttwo pattern instances uneliminated and thus there are at most two comparisons which eliminatepattern instances in O and O0. 2Case 3. Class 1 contains an unsuccessful comparison.In this case, jxkj = 1 and Class 2 is empty as mentioned before. We de�ne f values for allbut the last of the comparisons in Class 3. These f values are aligned with or to the right of thesu�x xr+1 of p1. All Class 3 comparisons are made to the right of p1[m] in this case. Each suchsuccessful comparison matches an instance of the character xk in pr+1 against a text charactertc; tc is aligned with a non-xk character in some pattern instance ps, s > r. f is de�ned tomap a text character tc matched successfully by a Class 3 comparison to the text character withwhich jp is aligned when the leftmost non-xk character in p is aligned with tc. Clearly, these fvalues are aligned with or to the right of the su�x xr+1 of p1 and Properties 1, 2, 3 and 4 aresatis�ed by these f values. 35



This �nishes the description of the f function for Classes 2 and 3. The following lemma isobvious from the above description.Lemma 5.15 f values for Class 2 and 3 comparisons belongs to one of the following sets oftext characters:(i) The set R1(l).(ii) The set of text characters to the left of the su�x xl of p1 and to the right of jpk+1.(iii) The set of text characters aligned with or to the right of the su�x xr+1 of p1.Further, an f value can be in set (i) only if rl � 2 > 0 and in set (iii) only if Class 1 containsan unsuccessful comparison.Class 1. We consider two cases, jxkj > 1 and jxkj = 1.Case 1. jxkj > 1.The only comparison in Class 1 matches tb with p1[m]. f(tb) is de�ned to be tb. Thismapping satis�es Property 3 because the leftmost character in p is a mis�t character in thiscase. If g = 1 then all other comparisons in C 0 are made to the left of tb and therefore, all otherf values are to the left of tb. If g > 1, then all other f values are either to the left of the su�xxl of p1 or to the left of the su�x h(xl) of p1. Since jh(xl)j � 1 if g > 1, these f values are tothe left of tb. Therefore, Property 4 is satis�ed by all f values. Property 1 and 2 are obviousfor f(tb).Case 2. jxkj = 1.g > 1, by assumption. f values are de�ned for all comparisons in Class 1 unless eitherClass 1 contains an unsuccessful comparison or r = l = 1. If Class 1 contains an unsuccessfulcomparison or if r = l = 1 then one comparison in Class 1 does not receive an f value. But inthese cases, there is at most one comparison in Classes 2 and 3 for which an f value was notde�ned earlier. To see this, note that if the last Class 1 comparison is successful and r = l = 1then Classes 2 and 3 together can have at most one comparison and if the last Class 1 comparisonis unsuccessful then Class 2 is empty and Case 3 must hold for Class 3 comparisons.All f values de�ned for Class 1 comparisons will be to the left of the su�x xr+1 of p1 andaligned with either the su�x xr�1 of p1 or the su�x xr of p1. Clearly, if pl 6= pr; pr�1 thenthese f values are distinct from all f values de�ned earlier for Class 2 and 3 comparisons. Ifpl = pr�1 then rl� 2 = 0 and all f values for Class 2 and 3 comparisons are either to the left ofthe su�x xr�1 of p1 or aligned with or to the right of the su�x xr+1 of p1. Therefore, f valuesfor comparisons in Class 1 are distinct from f values for comparisons in Classes 2 and 3 in thiscase. If pl = pr then rl� 2 < 0 and, by Lemma 5.15, all f values for Class 2 and 3 comparisonsare either to the left of the su�x xr of p1 or aligned with or to the right of the su�x xr+1 ofp1. In this case, we show that if an f value for some Class 1 comparison is aligned with thesu�x xr�1 of p1 and to the left of the su�x xr of p1 then all f values for Class 2 and Class 3comparisons are to the left of the su�x xr�1 of p1. Thus, all f values are distinct.The following lemma describes the distribution of Class 1 comparisons.Lemma 5.16 Let d be the rightmost mis�t character in p1. Each Class 1 comparison involvesa text character which is aligned with or to the right of d.36



tbdp xk xr+1xr�1xrp1text Figure 6: The Set R3, r > 1Proof: Suppose two pattern instances pj1 ; pj2 2 Ag, j1 < j2, are left uneliminated by compar-isons made at or to the right of d. Let cj1 and cj2 be the portions of pj1 and pj2 , respectively,which overlap the su�x z of p1 starting at d. Then cj1 = cj2 = z. Consider the characters inpj1 and pj2 aligned with the (j2 � j1)th character to the right of d in p1. Clearly, the �rst ofthese matches xk while the second is a mis�t character. This is a contradiction. 2Note that xr contains a mis�t character. Further, its su�x and pre�x xr+1 are disjoint.Each contains at least k� r instances of xk. We de�ne a set R3 of text characters which servesas the range of f values for Class 1 comparisons. The de�nition has the following property. Allcharacters in R3 are to the left of the su�x xr+1 of p1. If all successful Class 1 comparisonsare made to the right of d or if r = 1 then all characters in R3 are aligned with the su�x xr ofp1. If a successful Class 1 comparison is made at d and r > 1 then characters in R3 are alignedwith the su�x xr�1 of p1.First suppose all successful Class 1 comparisons are made to the right of d. Each successfulcomparison matches an occurrence of xk to the right of d against the text. R3 is de�ned to bethe set of text characters with which jp is aligned when d0, the leftmost mis�t character in p, isaligned with one of the text characters matched by a Class 1 comparison. Clearly, all charactersin R3 are aligned with the su�x xr of p1. f is de�ned to map the text characters compared byClass 1 comparisons to the text characters in R3 in some arbitrary order. Properties 2, 3 and4 readily follow for these f values. Property 1 follows from the fact that jxrj � jx1j < m2 .Next, suppose a successful Class 1 comparison is made at d. In this case, all comparisonsin Class 1 are successful and there are at most k + 1� r comparisons in Class 1. R3 is de�neddi�erently depending upon whether r = 1 or r > 1.First, suppose r = 1. R3 is de�ned to contain the k � r text characters with which jp isaligned when one of k�r instances of xk to the left of d0 (recall d0 is the leftmost mis�t characterin p) is aligned with d. The text characters in R3 are clearly aligned with the su�x xr of p1.f is de�ned to map up to k � r of the text characters compared by Class 1 comparisons to thek � r text characters in R3 in some arbitrary order. All these f values are distinct and arealigned with or to the left of d. Properties 2, 3 and 4 immediately follow for these f values.Property 1 follows from the fact that jxrj � jx1j < m2 .Next, suppose r > 1. See Fig.6. When p is placed with jp aligned with the left end of thesu�x xr�1 of p1, there exist at least 2(k � r) � k � r + 1 instances of xk to the left of d in p.R3 is de�ned to be the set of 2(k� r) text characters with which jp is aligned when one of these2(k� r) instances of xk is aligned with d. Clearly, characters in R3 are aligned with the su�x37



xr�1 of p1. f is de�ned to map the text characters compared by Class 1 comparisons to somek�r+1 of the 2(k�r) text characters in R3 is some arbitrary order. Properties 2 and 3 readilyfollow for these f values. Property 1 follows from the fact that jxr�1j � jx1j < m2 . Distinctnessof these f values from the f values for Classes 2 and 3 follows from the following lemma.Lemma 5.17 If r > 1, pl = pr and a successful Class 1 comparison is made at d then f valuesfor Class 2 and 3 comparisons are to the left of the su�x xr�1 of p1.Proof: At most one pattern instance pr0 2 Ag survives a successful comparison at d. Further,Class 1 does not contain an unsuccessful comparison. Since rl = 1, Class 2 contains at most onecomparison. If this comparison is unsuccessful then only pr0 survives; no f values are de�nedfor Class 2 or 3 comparisons in this case. If the sole Class 2 comparison is a successful one,then Case 2 must hold for all Class 2 and 3 comparisons. Since rl = 1, rl � 2 < 0 and, byLemma 5.15, no f values are de�ned using the set R1(l). Therefore, all f values for Class 2 and3 comparisons in this case are de�ned as in Subcases 2a and 2b. Refer to these subcases. Notethat, in this case, O consists of the pattern instances in A1 and O0 = fpr0g. From Lemma 5.13,all f values for Class 2 and 3 comparisons are to the left of the su�x xr�1 of p1 in this case. 2This concludes the de�nition of the f function.6 Presuf Shifts with jx01j � m2This case can occur only for periodic patterns. So assume that p is periodic and has the formupvipp , where vp and up are the core and head of p, respectively, and ip � 2.Recall that the lower bound of m+12 on the distance between consecutive presuf shifts wascrucial in deriving the comparison complexity for the case jx01j < m2 . This lower bound does nothold if jx01j � m2 . Consecutive presuf shifts can occur distance jvpj << m+12 apart. Even a singlemismatch per presuf shift leads to a large comparison complexity. Since the problem in this caselies only in the frequency of occurrence of presuf shifts, we use the same basic algorithm changingonly the presuf shift handler. The new presuf shift handler ensures that either two consecutivepresuf shifts are at least distance m+12 apart or no mismatch occurs between consecutive presufshifts. In fact, we show the following stronger claim about the performance of the presuf shifthandler. A presuf shift has overhead 0 if the next presuf shift occurs distance less than m+12ahead, overhead 1 if the next presuf shift occurs distance less than 3(m+1)4 ahead, and overheadat most 2 otherwise. A comparison complexity of n(1 + 83(m+1)) comparisons follows.6.1 The Presuf Shift Handler for jx01j � m2Before describing the presuf shift handler, we recall some de�nitions and assumptions madein Section 4. Let tA refer to the portion of the text with which the pre�x x01 of p is alignedfollowing the shift. We assume that pre�x x01 of pmatches tA following a presuf shift and that thevariable tlast has been appropriately set to prevent this assumption from leading to an incorrectinference. Let ta refer to the rightmost character in tA.As for the case jx01j < m2 , the presuf shift handler considers all presuf pattern instances,i.e., those pattern instance in which a pre�x (possibly null) of p matches some su�x of tA. Ina presuf pattern instance, the pre�x matching a su�x of tA is a presuf of p and is called thepresuf corresponding to this presuf pattern instance. Presuf pattern instances are of two types.38



The �rst type consists of those presuf pattern instances whose corresponding presufs have theform upvlp, 1 � l � ip � 1. The second type consists of those presuf pattern instances whosecorresponding presufs are less than jvpj in length. We identify a presuf pattern instance p0� ofthe second type as follows. If jupj > 0 then p0� is the presuf pattern instance corresponding tothe presuf up. If jupj = 0 then p0� is the presuf pattern instance corresponding to the null presuf,i.e., jp0� is to the immediate right of ta. The following observation enables us to work with onlypresuf pattern instances of the second type while making comparisons within a text window of length jvpj to the right of ta.Lemma 6.1 A presuf pattern instance of the �rst type matches all text characters in the window if and only if p0� matches all characters in that window.Proof: The portion of p0� which overlaps  is identical to vp, as is the corresponding portion ofany presuf pattern instance of the �rst type.2If p0� is eliminated by comparisons in  then so are all presuf pattern instances of the �rsttype. This forces the next presuf shift to occur at least distance m� jvpj � m2 + 1 to the right.If p0� is not eliminated by comparisons in  then presuf pattern instances of the �rst type alsosurvive and therefore, the next presuf shift can occur as little as distance jvpj to the right. Inthis case, it is important to ensure that no mismatches are made in .The presuf shift handler has �ve steps and works broadly as follows. As in the presuf shifthandler of Section 4.2, the �rst two steps identify a presuf pattern instance p0e with the followingproperty: all presuf pattern instances that survive the �rst two steps are presuf overlaps of p0e.This is accomplished by making comparisons in a manner similar to the presuf shift handlerof Section 4.2, but with a single di�erence. This di�erence is aimed at ensuring that the �rstmismatch eliminates p0�. Steps 3, 4 and 5 are, however, identical to the corresponding steps ofthe earlier presuf shift handler.Steps 1 and 2 proceed as follows to determine p0e. They consider only presuf pattern instancesof the second type and eliminate all but one of these. The survivor determines p0e, i.e., if thesurvivor is p0� then p0e is the leftmost presuf pattern instance and otherwise, p0e is the survivoritself. We show that in order to eliminate among presuf pattern instances of the second kindit su�ces to consider suitable pre�xes of these presuf pattern instances. We need the followingde�nitions in order to describe Steps 1 and 2 in detail. Consider the leftmost presuf patterninstance of the second type and let � be the length of the corresponding presuf. Suppose thereare k00+1 presuf pattern instances of the second type. We de�ne p001; : : : ; p00k00 ; p00k00+1 such that p00j ,1 � j � k00 + 1, is the pre�x of length m00 = � + jvpj of the jth leftmost presuf pattern instanceof the second type. Let x00j , 1 � j � k00 + 1, be the presuf corresponding to the jth leftmostpresuf pattern instance of the second type. We call x00j the presuf corresponding to p00j . Let p00�refer to the length m00 pre�x of p0� and p00 refer to the length m00 pre�x of p. The followinglemma shows that in order to eliminate all but one of the presuf pattern instances of the secondkind, it su�ces to consider just p001; : : : ; p00k00 ; p00k00+1.Lemma 6.2 At most one of p001; : : : ; p00k00; p00k00+1 matches .Proof: Let x and y be the portions overlapping  in some two of p001; : : : ; p00k00+1. Then x and yare di�erent cyclic shifts of vp. If x = y then vp is cyclic, a contradiction.2Let V 00 = fp001; : : : ; p00k00+1g. Note that Lemmas 4.3{4.7 continue to hold if pj , xj , V , p andm are replaced by p00j , x00j , V 00, p00 and m00, respectively, for 1 � j � k00 + 1. Henceforth, these39



substitutions are implicit in all references to these lemmas. The elements in V 00 are divided intogroups A001; : : : ; A00g00 , in accordance with Lemma 4.3.Remark. The presuf shift handler being described does not work for patterns for which jx00k00 j =1 and g00 = 1. Presuf shifts for these exception patterns are handled separately in Section 6.5.With this background, we describe the 5 steps of the presuf shift handler.Step 1. The characters in p001; : : : ; p00k00 aligned with p001[m00], the rightmost character in p001, areidentical. If the character in p00k00+1 aligned with p001[m] is also identical to it, then p001[m] iscompared with the aligned text character. A mismatch eliminates all of p001; : : : ; p00k00; p00k00+1 andthe basic algorithm is restarted with jp placed immediately to the right of jpk00+1. A matchleads to Step 2.Step 2. All but one of p001; : : : ; p00k00+1 are eliminated in this step by making up to k00 compar-isons, at most 2 of which are unsuccessful. Further, p00� is eliminated by the �rst unsuccessfulcomparison. As in Step 2 of Section 4.2, there are two phases.Phase 1 is identical to Phase 1 of Section 4.2, i.e., at every step the rightmost character cin p001 having the following property is compared with the aligned text character: the characteraligned with c in at least one of the surviving elements in V 00 is di�erent from c. By Lemma4.6, the outcome of Phase 1 is a half-done set O.Lemma 6.3 p00� 2 O if and only if all the comparisons in Phase 1 are successful.Proof: All comparisons in Phase 1 are made in the su�x x001 of p1 because, by Lemma 4.5,successful comparisons in that su�x leave a half-done set uneliminated. x001 is a presuf of p001 andtherefore a su�x of vp. By the manner in which p0� is de�ned, the portion of p00� that overlaps is identical to the string vp. Therefore, a mismatch in Phase 1 eliminates both p001 and p00� whilea match in Phase 1 eliminates neither. The lemma follows.2If Phase 1 ends with a mismatch or if p00� = p001 then Phase 2 is identical to Phase 2 of Section4.2, i.e., all but one of the elements in O are eliminated by making comparisons according to aright to left sequence. Note that in both cases, the �rst mismatch eliminates p00�. Otherwise, ifp00� 6= p001 and all comparisons in Phase 1 are successful then we modify Phase 2 as follows so asto ensure that the �rst mismatch eliminates p00�.Phase 2 proceeds exactly as Phase 2 of Step 2 in Section 4.2 until p00� becomes the rightmostelement in O. Any mismatch in this process terminates Phase 2 and eliminates p00� and allelements in O to the left of p00�. If no mismatch occurs in this process then let the survivingelements in O be fp00h1 ; : : : ; p00heg, where p00h1 = p001 and p00he = p00�. These elements are eliminatedusing a left to right sequence of comparisons instead of the right to left sequence used in Step 2of Section 4.2. This left to right sequence ensures that a mismatch eliminates p00�. Let de be theleftmost character in p00he such that p00he di�ers from the aligned character in p00he�1 . By Lemma6.2, de is aligned with or to the left of p001[m00] and to the right of ta. If e = 2 then a comparisonat de terminates Phase 2 with a mismatch eliminating p00he and a match eliminating p00h1 . Supposee > 2. Then x00h1 is periodic with core, say, v. Let dj , 2 � j � e � 1, be the character in p00hewhich is distance (e � j)jvj to the left of de. The characters d2; : : : ; de are compared with thealigned text characters in sequence until either a mismatch occurs or the sequence is exhausted.The following lemma shows that at most one element of O survives these comparisons.Lemma 6.4 A mismatch at dj leaves only pij�1 uneliminated. A match at dj eliminates pij�1 .40



Proof: If e = 2 then the lemma is clearly true. Suppose e > 2. From the de�nition of de, itfollows that the pre�x of p00he ending at de is periodic with core of size jvj while the pre�x ofp00he�1 is not; therefore, d2 = d3 = : : : = de 6= de+1, where de+1 is the character which is distancejvj to the right of de. It follows that the characters in p00hj ; : : : ; p00he aligned with dj are identicalto each other but di�erent from the character in p00hj�1 aligned with dj . Therefore, a matchat dj eliminates p00hj�1 . A mismatch at dj eliminates p00hj ; : : : ; p00he and the preceding successfulcomparisons at d2; : : : ; dj�1 eliminate p00h1 ; : : : ; p00hj�2 . The lemma follows.2This completes Step 2. At most k00 comparisons are made in this step, at most 2 of whichresult in mismatches. Further, p00� survives only if there are no mismatches. The sequence ofcomparisons made in Step 2 can be represented by a tree ET 00, akin to the tree ET of Section4.2. The only di�erence between ET 00 and ET is that the sequence corresponding to a portionof Phase 2 may now be a left to right sequence if Phase 1 does not end in a mismatch andp00� 6= p001. We conclude Step 2 with the following lemma.Lemma 6.5 All but at most one of p001; : : : ; p00k00 ; p00k00+1 can be eliminated by making up to k00comparisons using the O(k00) sized binary comparison tree ET 00. At most two of these comparis-ons result in mismatches. If p00� survives, then no comparisons result in mismatches. Moreover,the sequence of comparisons made by the elimination strategy consists of two sequences: a rightto left sequence followed by either another right to left sequence of a left to right sequence.We describe Steps 3, 4 and 5 next. Let p00e be the only element of V 00 to survive Steps1 and 2. If p00e = p00� then de�ne p0e to be the leftmost presuf pattern instance. If p00e 6= p00�then let p0e be the presuf pattern instance of which p00e is a pre�x, i.e., p0e and p00e have theirleft ends aligned. Clearly, p0e is the leftmost presuf pattern instance to survive Steps 1 and2. Let Q denote the set of pattern instances which overlap p0e and have their left end to theright of jp00k00+1. In the elimination process, some elements of Q may also have been eliminatedfrom being potential matches. They need not be reconsidered. To this end, a subset Qx of Qconsisting of pattern instances consistent with comparisons in Steps 1 and 2 is associated witheach terminal node x in ET 00. The maintenance of Qx is similar to the description in section4.5 and is described in Section 6.4. Suppose that the elimination process terminates at terminalnode x. Let Q0 = fp0eg [Qx. Steps 3, 4, and 5 are now identical to the corresponding steps inSection 4.2.6.2 Comparison ComplexityIn order to determine the comparison complexity, we need to de�ne a transfer function f 00 akinto the transfer function f de�ned in Section 5. We state the following lemma describing theproperties of f 00. The proof of this lemma is deferred to Section 6.3.Lemma 6.6 Let C be the set of text characters involved in comparisons in Steps 1 and 2 ofthe presuf shift handler of Section 6.1. For each character tc 2 C, with at most two exceptions,there exists a text character f 00(tc) = td satisfying the following properties.1. td is to the right of jp00k00+1.2. td either coincides with tc or lies to the left of tc.41



3. The pattern instance whose left end is aligned with td is eliminated as a result of compar-isons in Steps 1 and 2 of the presuf shift handler.4. For every distinct tc1 ; tc2 2 C, f(tc1) 6= f(tc2).Furthermore, mismatches, if any, are always included among the exceptions.The following lemma determines the comparison complexity of the algorithm.Lemma 6.7 If p is not a special case pattern then the comparison complexity of the algorithmis bounded by n(1 + 83(m+1)).Proof: A presuf shift occurs either with jx01j < m2 or with jx01j � m2 . In the former case, it wasshown in Lemma 4.12 that a presuf shift can have overhead at most two and that an overheadof two implies that the next presuf shift occurs at least distance 3(m+1)4 to the right. Further,m+12 is a lower bound on the distance between two consecutive presuf shifts in this case. Weshow similar properties for presuf shifts with jx01j � m2 . Speci�cally, we show that a presuf shiftcan have overhead at most two. Further, we show that an overhead of one forces the next presufshift to occur at least distance m+12 to the right and an overhead of two forces the next presufshift to occur at least distance 3(m+1)4 to the right. We show the above by giving a chargingscheme for the presuf shift handler of Section 6.1. The comparison complexity of the algorithmnow follows.Charging Scheme. As in Lemma 4.12, the run of the algorithm is divided into phases; a phasecan be of one of four types. The ranges of the text characters charged in each phase type remainexactly the same as in Lemma 4.12. The charging scheme for Type 1 and Type 2 phases alsoremains exactly the same. Only the charging scheme for Type 3 and Type 4 phases is modi�edin accordance with the presuf shift handler of Section 6.1.We consider a single phase, which could be a Type 3 or a Type 4 phase. We assume thatthis phase begins with a presuf shift with jx01j � m2 . Let q1 and q2 refer to the leftmost survivingpattern instances at the beginning and end of that phase, respectively. Note that q1 is a presufoverlap of the pattern instance q0, the leftmost uneliminated pattern instance prior to the presufshift which initiated this phase. Speci�cally, the pre�x x01 of q1 is aligned with the su�x x01 ofq0 (Recall that on a presuf shift, we assume that the pre�x x01 of q1 matches the text). Recallthat ta is the text character aligned with q0j.Consider the comparisons made by the current use of the presuf shift handler of Section 6.1.If a mismatch occurs in Step 1, the current phase ends immediately and the basic algorithm isresumed. The presuf shift in this case has overhead 1 and the next presuf shift occurs at leastdistance m + 1 to the right. Next, suppose that the comparison in Step 1 is successful. Let p0ebe the presuf pattern instance to survive the elimination using tree ET 00 in Step 2. After thepresuf shift handler �nishes, one of three scenarios ensues. We consider each in turn.1. All pattern instances overlapping p0e are eliminated apart from its presuf overlaps, and p0e orat least a su�x of p0e is matched. This is a Type 4 phase. We consider two cases, dependingupon whether p0e is a presuf pattern instance of the �rst or the second type.First, suppose p0e is of the �rst type, i.e., it is the leftmost presuf pattern instance. Then nomismatches are made in Steps 1, 2, 3, 4 or 5. All comparisons made by the presuf shift handlerare charged to the text characters compared. The bit vector BV ensures that each of these42



comparisons involves a di�erent text character. Thus each text character which lies to the rightof ta and is aligned with or to the left of p0ej is charged at most once. In this case, the overheadof this presuf shift is 0.Next, suppose p0e is of the second type. Then p00� is eliminated in Step 2. All comparisons inSteps 1, 3, 4 and 5 and all but at most two comparisons in Step 2 are successful. Each successfulcomparison is charged to the text character compared. The bit vector BV ensures that eachof these comparisons involves a di�erent text character. Thus each text character which lies tothe right of ta and is aligned with or to the left of p0ej is charged at most once. At most twocomparisons in Step 2 are unsuccessful, so this shift has overhead at most two. If there are twomismatches in Step 2 then we claim that p001 is eliminated; in addition, if if x001 is periodic, withcore v and head u say, then all elements in V 00 whose associated presufs have the form uvo,o � 1, are also eliminated. (this can be shown in a manner similar to the corresponding proofin Lemma 4.12). Let p00e be the m00 length pre�x of p0e and let x00e be the presuf associated withp00e . From the above, it follows that x001 = x00ezx00e , for some non-empty string z. As jx001j < jvpj,p00e = x001wx001 for some non-empty string w. Therefore jx00e j � m00�34 � m�34 . This guarantees thatthe next presuf shift occurs at least distance 3(m+1)4 to the right. If there is just one mismatchin Step 2 then, since jx001j < jvpj � m2 , the next presuf shift occurs at least distance m+12 to theright.2. p0e is eliminated. In addition, there is some pattern instance qc overlapping p0e, such that allpattern instances overlapping qc are eliminated apart from its presuf overlaps; further, qc or atleast a su�x of qc is matched. This is also a Type 4 phase.Each comparison in Steps 1 and 2 with a text character to the left of jqc for which functionf 00 is de�ned is charged to the text character speci�ed by the function f 00, called its f 00 value;f 00 values are distinct by de�nition. Comparisons in Step 3 fall into one of three categories:1. Comparisons which eliminate patterns instances whose left ends lie to the right of jp00k00+1and to the left of jqc.2. Comparisons which eliminate pattern instances whose left ends lie to the right of jqc.3. The comparison which eliminates p0e.Each comparison in the �rst category is charged to the text character aligned with the left endof the pattern instance eliminated. By the de�nition of the function f 00, these text charactersdo not occur in the range of f 00 values. Comparisons in the second category, along with thecomparisonsmade in Steps 4 and 5 and those successful comparisons in Steps 1 and 2 that involvetext characters overlapping qc, are charged to the text characters compared. BV ensures thateach of these comparisons involves a distinct text character. Thus each text character whichlies to the right of jp00k00+1 and is aligned with or to the left of qcj is charged at most once. Thecomparison that eliminates p0e is charged to the text character aligned with jp00k00+1. Since all f 00values lie to the right of jp00k00+1 and all pattern instances eliminated by comparisons in the �rstcategory have left ends to the right of jp00k00+1, this text character is charged exactly once. Thetwo comparisons in Step 2 lacking f 00 values constitute the overhead of this presuf shift. Sincep0e is eliminated, the next presuf shift occurs at least distance m+ 1 to the right of the currentpresuf shift.3. p0e is eliminated as are all pattern instances overlapping p0e. This is a Type 3 phase.Let qd denote the leftmost surviving pattern instance. All comparisons in Steps 1 and 2 forwhich function f 00 is de�ned are charged to their f 00 values. f 00 values are distinct by de�nition.43



Excluding the comparison which eliminates p0e, each comparison in Steps 3 and 4 eliminatessome pattern instance whose left end lies to the right of jp00k00+1 and to the left of jqd. Each suchcomparison is charged to the text character aligned with the left end of the pattern instanceeliminated. These text characters cannot occur in the range of the function f 00 and hence arecharged only once. Thus each text character which lies to the right of jp00k00+1 and to the left ofjqd is charged at most once. The comparison that eliminates p0e is charged to the text characteraligned with jp00k00+1. The two comparisons in Step 2 lacking f 00 values constitute the overheadof this presuf shift. Since p0e is eliminated, the next presuf shift occurs at least distance m+ 1to the right of the current presuf shift. 26.3 The Transfer Function f 00In this section, we prove Lemma 6.6. The de�nition of the function f 00 is similar to that of thefunction f in Section 5. This is hardly surprising as the elimination procedure ET 00 is similar tothe elimination process ET , the only di�erence between the two being that the former switchesto a left to right comparison sequence in some cases.First, note that each of the de�nitions and lemmas in Section 5.1 continue to hold if p00j , x00j ,V 00, p00, A00, g00, k00 and m00 replace pj , xj , V , p, A, g, k and m, respectively, for 1 � j � k00+1.Since patterns with g00 = 1 and jx00kj = 1 are special case patterns, we assume that g00 > 1 ifjx00kj = 1. If p001[m00] does not match the text, then Steps 1 and 2 of the presuf shift handler makeat most one comparison. Therefore, we also assume that p001 [m] matches the text. Let p00l be therightmost element in A001 . Let p00r be the rightmost element in V 00 outside A00g00 , if such a patterninstance exists.As in Section 5.2, we split the sequence C 0 of comparisons made in Steps 1 and 2 of thepresuf shift handler into three classes as follows.1. Class 1 consists of the comparison in Step 1. In addition, if jx00kj = 1, then Class 1 containsthe comparisons which comprise the smallest pre�x of C 0 having the following property:either the last comparison in that pre�x is unsuccessful or following that comparison,exactly one pattern instance in A00g00 survives.2. Class 2 consists of the comparisons in C 0 which follow all Class 1 comparisons and aremade in the su�x h(x00l ) of p001 .3. Class 3 consists of comparisons in C 0 which follow all Class 2 comparisons.f 00 values are de�ned by considering 3 cases.Case 1. Suppose Phase 1 of Step 2 terminates with a mismatch or p00� = p001. Then ET 00eliminates among elements in V 00 exactly as ET eliminates among the elements of V . So f 00values for comparisons are de�ned exactly as in Section 5.2 with p00j , x00j , V 00, p00, A00, g00, k0 andm00 replacing pj , xj , V , p, A, g, k and m, respectively, for 1 � j � k00 + 1.Case 2. Suppose p00� = p002 or the half-done set left uneliminated by Phase 1 has at most twoelements. The only di�erence between the way ET 00 eliminates among the elements in V 00 andET eliminates among elements in V is in the last comparison of Step 2. Note that in Section5.2, the last comparison in Step 2 is not given an f value. Therefore, f 00 values for comparisonsin this case are again de�ned exactly as in Section 5.2 with p00j , x00j , V 00, p00, A00, g00, k00 and m00replacing pj , xj , V , p, A, g, k and m, respectively, for 1 � j � k00 + 1.44



Case 3. Suppose all comparisons in Phase 1 are successful, p00� 6= p001; p002 and the half-done setwhich survives Phase 1 has at least three elements. The only di�erence between the way ET 00eliminates among the elements in V 00 and ET eliminates among elements in V is in the portionof Phase 2 that makes comparisons according to a left to right sequence. As we will show inLemma 6.11, this left to right sequence involves only text characters to the left of the the su�xx001 of p001 . Consequently, Class 1 and Class 2 comparisons are not a�ected by this sequence.f 00 values for comparisons in Class 1 are de�ned exactly as in Section 5.2 with p00j , x00j , V 00,p00, A00, g00, k00 and m00 replacing pj , xj , V , p, A, g, k and m, respectively, for 1 � j � k00 + 1.Consider Class 2 comparisons next. At most one element of V 00 will survive a mismatch inClass 2, if any, because Phase 1 has no mismatches. Therefore, if a mismatch occurs in Class 2then Class 3 is empty and f 00 values for Class 2 comparisons are de�ned exactly as in Section5.2 with the appropriate substitutions mentioned above. Otherwise, if all comparisons in Class2 are successful then f 00 values for all but some s, s � 2, of the comparisons in Class 2 arede�ned in the same manner. It remains to de�ne f 00 values for Class 3 comparisons and s Class2 comparisons when all comparisons in Class 2 are successful. This involves modifying onlyCase 2 of the de�nition of f values for Class 2 and Class 3 comparisons in Section 5.2. Wede�ne f 00 values for all but two of these comparisons. The range of these f 00 values is the sameas the range of the f values de�ned for this subcase, i.e., to the left of the su�x x00l of p001 and tothe right of jp00k+1.Following Class 1 and 2 comparisons, at most minfrl; 2g�s of the elements of V 00 to the rightof p00l survive along with the elements in A001. Let O0 refer to the set of minfrl; 2g elements in V 00which includes elements which survive comparisons in h(x00l ) and elements which are eliminatedby one of the s Class 2 comparisons under consideration. Let O refer to the largest half-done setconsisting of elements in A001 and O0. Rede�ne O0 by removing pattern instances in it which arealso in O. Considering comparisons which eliminate pattern instances in O and O0 is equivalentto considering Class 3 comparisons plus s of the Class 2 comparisons. Let O = fp00h1 ; : : : ; p00heg.Let v and u be the core and head, respectively, of x00h1 and let v = u0u. jvj > 1 because eitherjx00kj > 1 or jx00kj = 1 and g0 > 1. By Lemma 5.10, v contains a mis�t character. If l = 1, thenthe number of comparisons in Class 3 plus s is at most 2� s + s = 2. In this case, we do notde�ne an f 00 value for the comparisons in Class 3 and the s comparisons in Class 2. So supposethat l > 1.The comparisons given by tree ET 00 in this case form two sequences; the �rst sequencewhich includes Phase 1 and part of Phase 2 is a right to left sequence and the second sequenceis a left to right sequence. The following lemmas show some properties which are necessary forde�ning f 00.Lemma 6.8 The portion of p00� which overlaps the su�x x00i , 1 � i � �, of p001, matches x00i .Proof: x00i is a su�x of vp. The length jvpj substring of p00� which is to the immediate right ofta is identical to vp. 2Lemma 6.9 p00� 2 O and jOj � 3.Proof: Since all comparisons in Phase 1 are successful, p001 survives Phase 1. By Lemma 6.3,p00� survives too. If p00� 62 O then p001; p00� do not form a half-done set with any other element inV 00. Therefore, the cardinality of the half-done set which survives Phase 1 would be at mosttwo, which is a contradiction. Thus p00� 2 O. p002 must form a half-done set along with p001 and45



p00�, otherwise no other element in V 00 forms a half-done set with p001 and p00� and consequently, atmost two elements in V 00 would survive the successful Phase 1 comparisons. By Lemma 6.8, p001and p00� survive successful comparisons in h(x00l ), and then by Lemma 5.3, p002 also survives thesecomparisons. Therefore, p002 2 O also. Since p00� 6= p001; p002, the lemma follows. 2Corollary 6.10 The half-done set which survives Phase 1 must be a subset of O.Proof: Both p001 and p00� survive successful comparisons in Phase 1 and both are elements of O.The only elements in V 00 which can form a half-done set with p001 and p00� are those in O. 2Lemma 6.11 The leftmost character compared by ET 00 in the �rst (right to left) sequence isat least distance jvj to the right of the rightmost character compared in the second (left to right)sequence. The rightmost character compared in the latter sequence is to the left of the su�x x001of p001.Proof: Let d00 be the rightmost position in p00� such that p00�[d00] is aligned with some characterin p001 and p00�[d00] 6= p00�[d00 + jvj]. Such an index exists by Lemma 4.7. All comparisons in thesecond sequence are aligned with or to the left of p00�[d00]. All characters in the �rst sequencecompared in Phase 2 are aligned with or to the right of p00�[d00 + jvj]. All characters comparedin Phase 1 involve characters in the su�x x001 of p001. By Lemma 6.8, p00�[d00] is to the left of thesu�x x001 of p001. The lemma follows. 2Corollary 6.12 Successful comparisons which eliminate elements of O are made at least dis-tance jvj apart.Lemma 6.13 The portion of p00he that overlaps the su�x x00he�2 of p001 matches that su�x.Proof: Since p00� 2 O and p00� 6= p001; p002, it follows from Lemma 6.8 that (uu0)2 is a su�x ofp00[1 : : :m00 � jx001j]. Therefore, the portion of p00he that overlaps the su�x x00he�2 of p001 matchesthat su�x. 2Corollary 6.14 All successful comparisons which eliminate an element of O are made to theleft of the su�x x00he�2 of p001.We now de�ne the f 00 function for this case.First, consider comparisons which eliminate elements of O0. From Corollary 6.10, it followsthat all elements of O0 must be eliminated by Phase 1 comparisons. These comparisons haveto be successful because all comparisons in Phase 1 are successful. If jO0j = 2 then, by Lemma4.5, the �rst such comparison is made in the su�x x00he of p001. If jO0j = 2 or jO0j = 1, then,by Lemma 6.13 the portion of p00he which overlaps the the su�x x00he�1 of p001 matches that su�xand therefore, by Lemma 4.5, the last comparison which eliminates an element of O0 is madein the su�x x00he�1 of p001. Consider the text characters tc and t0c with which jp00 is aligned whenthe rightmost mis�t character in the pre�xes x00he�1 and x00he�2 , respectively, of p00 are alignedwith tb. Since v is a su�x of x00he�1 and x00he�2 and since v contains a mis�t character, tc isaligned with the su�x x00he�1 of p001 and to the left of the su�x x00he of p001 while t0c is aligned withthe su�x x00he�2 of p001 and to the left of the su�x x00he�1 of p001. If jO0j = 2 then f 00 is de�nedto map the text characters involved in comparisons which eliminate elements of O0 to the textcharacters tc and t0c. If jO0j = 1 then f 00 is de�ned to map the text character involved in the46



comparison which eliminates the only element of O0 to the text character t0c. A simple caseanalysis (p00l = p00he ; p00he�1 ; p00he�2) shows that these f 00 values are to the left of p00l , as claimed. Thetwo f 00 values are clearly distinct and to the left of their respective text characters. Further,they are aligned with the su�x x001 of p001. Since jx001j < m002 , these f 00 values are to the right ofjp00k00+1.Next, consider comparisons which eliminate elements of O, excluding the leftmost and thelast such comparison. The remaining comparisons must be successful. f is de�ned to map thetext character tc involved in such a comparison to the text character with which jp00 is alignedwhen the leftmost character in p00 which di�ers from tc is aligned with tc. Clearly, f 00(tc) isaligned with or to the left of tc. Since uu0 contains at least two characters, f 00(tc) is at mostdistance jvj�1 to the left of tc. It follows from Corollary 6.12 that f 00(tc) is distinct from the f 00values for all other text characters involved in successful comparisons which eliminate elementsof O. By Corollary 6.14, these f 00 values are to the left of f 00 values for successful comparisonswhich eliminate element of O0 and therefore, to the left of p00l . Only the leftmost text characterinvolved in a comparison which eliminates an element of O is within distance jvj of ta; the restare at least distance jvj + 1 to the right of ta. Therefore, these f 00 values are to the right ofjp00k00+1.This concludes the de�nition of the transfer function f 00.6.4 Data Structure DetailsIt remains to describe the maintenance of the sets Qx for each terminal node x of tree ET 00.These sets can be maintained exactly as described in Section 4.5 but for the following di�erence:the sequence of comparisons corresponding to Phase 2 in Step 2 of the elimination strategy usingET 00 is a left to right sequence if all comparisons in Phase 1 are successful.As is Section 4.5, let l1; : : : ; lh be the nodes, in the order of appearance, on the leftmost pathfrom the root of ET 00. Consider the largest i such that tcli ; : : : ; tclh�1 (recall from Section 4.5that tcx is the text character compared at node x of ET 00) is a left to right sequence. For allterminal nodes in ET 00 which are not in the subtree rooted at li, the data structure is maintainedexactly as in Section 4.5. Qlh can be stored explicitly. It remains to describe the data structurefor terminal nodes in the right subtrees of li; : : : ; lh�1.Note that if a mismatch occurs at tclj , i � j � h � 1, at most two elements in V 00 survive.Therefore, for each terminal node x in the right subtree of lj , either p(x) or p(p(x)) equals lj ,where p(x) is the parent of x. From the de�nition of the sets Qx in Section 4.5, it follows thatfor terminal nodes x and y in the right subtree of lj, Qx = Qy. The following lemma is crucial.Lemma 6.15 Let terminal node x1 be in the right subtree of lj1 and terminal node x2 be inthe right subtree of lj2, i � j1; j2 � h� 1, j2 > j1. If q 2 Qx1 and q 2 Qx2 then q occurs at allterminal nodes in the right subtrees of li; : : : ; lj1.Proof: Clearly, q cannot overlap tclj1 . Since tcli ; : : : ; tclh�1 form a left to right sequence, qcannot overlap tci; : : : ; tcj1 . Further, since q occurs at some terminal node in the subtree rootedat li, characters in q which overlap tcl1 ; : : : ; tcli�1 match the characters c1; : : : ; ch�1, respectively.The lemma follows from the de�nition of the sets Qx. 2Corollary 6.16 Suppose q occurs at some terminal node in the subtree T rooted at li. Further,suppose j is the largest number, if any, such that i � j � h � 1 and q does not overlap tclj .Then q occurs at all terminal nodes in the right subtrees of li; : : : ; lj.47



Corollary 6.16 immediately gives a linear space scheme for storing the sets Qx for terminalnodes x in the subtree T rooted at li. Two sets Comj and Specj are maintained at each nodelj , i � j � h � 1. A pattern instance q is added to Comj if it occurs at some terminal nodein T and overlaps tclj+1 but not tclj . A pattern instance q is added to Specj if it overlaps tcljand occurs at a terminal node in the right subtree of lj . Each q can be added to at most oneCom set and one Spec set; thus, the total space used is linear. Qx is readily seen to equalComj [Comj+1 [� � �[Comh�1 [Specj . Note that each pair of Com sets is disjoint and Comkis disjoint from Specj , for each j � k � h� 1. In order to obtain Qx as a sorted list it su�cesto maintain each of the Com and Spec sets as ordered lists which are then appended together.Thus obtaining any particular Qx takes O(m) time. Qlh is stored explicitly and hence can beobtained as a list in constant time.6.5 Presuf Shift Handler for Special Case PatternsWe describe the presuf shift handler for patterns for which jx00kj = 1 and g00 = 1. This presufshift handler leads to an overhead of at most 2 per presuf shift. We show that if a presuf shifthas overhead 2, then the next presuf shift must occur distance at least 3(m+1)4 to the right, andif a presuf shift has overhead 1, then the next presuf shift must occur distance at least m+12 tothe right. A comparison complexity of n(1 + 83(m+1)) follows.Let b = x00k. p contains at least two di�erent characters. Therefore, vp and p00 both containat least two di�erent characters. Let p00[j] and p00[j 0] be, respectively, the leftmost and rightmostcharacters in p00 which di�er from b. Let tc be the text character to the immediate right of ta.We consider two cases, namely, jx001j < jvpj2 and jx001j � jvpj2 . The former case has the advantagethat if all presuf pattern instances of the �rst type (recall that presuf pattern instances wereclassi�ed into two types in Section 6) are eliminated then the next presuf shift occurs distanceat least 3(m+1)4 to the right. The absence of this property in the latter case makes it morecomplicated.Case 1. jx001j < jvpj2 .Step 1. Step 1 locates the leftmost non-b text character td to the right of ta. FollowingStep 1, either the basic algorithm is resumed or p0e, the leftmost surviving pattern instance, isdetermined and Step 2 follows. This is done as follows. Text characters to the right of ta andto the left of p00�[j] are compared from left to right with the character b. A mismatch in thisprocess terminates Step 1. If no mismatch occurs then p00�[j] is compared with the aligned textcharacter. A match terminates Step 1. In case of a mismatch, text characters aligned with or tothe right of p00�[j] are compared from left to right with the character b. Step 1 then terminateswhen a mismatch occurs or when the right end of the text is reached.One of the following situations holds now.1. td is to the left of p001[j]. p001 ; : : : ; p00k+1 are eliminated and the basic algorithm is resumedwith the jp placed to the right of the text character that mismatched.2. td is aligned with p00i [j], i 6= �. p0e is the pattern instance whose left end is aligned withjp00i .3. td is aligned with p00�[j] and td = p00�[j]. p0e is de�ned to be the leftmost presuf patterninstance. 48



4. td is aligned with p00�[j] but td 6= p00�[j]. The basic algorithm is resumed with jp immediatelyto the right of te.5. td exists but does not satisfy any of the above cases. p0e is the pattern instance such thatp0e[j] is aligned with td.6. td does not exist. There are no further occurrences of the pattern in the text and thealgorithm terminates.Steps 2 and 3. Let qc denote p0e. Then Steps 2 and 3 are identical to the corresponding stepsin the presuf shift handler for special case patterns described in Section 4.4.Note that at most two mismatches are made in Step 1 and the �rst mismatch eliminates p00�.Lemma 6.17 If p is a special case pattern and jx001j < jvpj2 then the comparison complexity ofthe algorithm is n(1 + 83(m+1)).Proof: We give charging strategies to show that a presuf shift can have overhead at most two.Further, we show that an overhead of one forces the next presuf shift to occur at least distancem+12 to the right and an overhead of two forces the next presuf shift to occur at least distance3(m+1)4 to the right. The lemma follows.As in Lemma 4.12, the run of the algorithm is divided into phases; a phase can be of one offour types. The range of text characters charged in each type of phase remains exactly the sameas in Lemma 4.12. The charging scheme for Type 1 and Type 2 phases also remains exactly thesame. Only the charging scheme for Type 3 and Type 4 phases is modi�ed in accordance withthe presuf shift handlers described above.We consider a single phase, which could be a Type 3 or a Type 4 phase. We assume thatthis phase begins with a presuf shift with jx01j � m2 .The Charging Scheme. Let qc be the leftmost pattern instance which survives Step 1. Notethat qc is the leftmost presuf pattern instance if and only if no mismatches occur in Step 1.All successful comparisons in Step 1 are charged to the text characters compared. These textcharacters lie to the left of qc[j] if qc is not the leftmost presuf pattern instance and are alignedwith or to the left of qc[j], otherwise. If unsuccessful comparisons occur in Step 1 then thesecomparisons constitute the overhead of this shift. Otherwise, if all comparisons in Step 1 aresuccessful, the only possible comparison which constitutes the overhead of this shift is thecomparison in Step 2 which eliminates qc. Thus, the overhead is at most 2. Since the �rstmismatch in Steps 1 and 2 eliminates all presuf pattern instances of the �rst type and sincejx001j < jvpj2 , either the overhead is 0 or the next presuf shift occurs distance at least 3(m+1)4 tothe right.Consider two cases now.1. Suppose qc survives Step 2. All comparisons made in Steps 2 and 3 are charged to thetext characters compared. Thus, each text character which lies to the right of ta and isaligned with or to the left of qcj is charged at most once over Steps 1, 2 and 3. All futurecomparisons will be charged to text characters to the right of qcj.2. Suppose qc does not survive Step 2. Each successful comparison in Step 2 eliminates somepattern instance lying entirely to the right of qc[j] and is charged to the text character49



� jx"1jp"� j0jtext p0f tcta
Figure 7: Step 1 of Case 2aligned with the left end of that pattern instance. The unsuccessful comparison whicheliminates qc in Step 2 is charged to the text character aligned with qc[j] if qc is not theleftmost presuf pattern instance. Thus, each text character lying between ta and jqd ischarged at most once, where qd is the leftmost surviving pattern instance at the end ofStep 2. All future comparisons will be charged to text characters aligned with or to theright of jqd.2Case 2. jx001j � jvpj2 .There are 5 steps in the presuf shift handler for this case. At most 5 mismatches are madein these steps. We show that three of these mismatches can be charged to unmatched textcharacters; consequently, the overhead of the current presuf shift is at most two. Further, the�rst mismatch in Step 1 eliminates p00� and the second mismatch eliminates all the presuf patterninstances.Step 1. Step 1 eliminates all but at most one of p001 ; : : : ; p00k+1 as follows. See Fig.7. Thefollowing sequence of text characters is compared with the aligned characters in p00�: tb, followedby the text characters strictly between tb and p00�[j 0] considered right to left, followed by thetext characters strictly between ta and p00�[j] considered left to right. Step 1 terminates whenthe �rst mismatch occurs or when this sequence gets exhausted.Let p0e be the leftmost surviving presuf pattern instance following Step 1. Consider thepattern instance p0f , jp0f aligned with the text character to the immediate right of tc. Let te bethe text character at which the mismatch occurred, if any. Note that since j � jx001j + 1 andjx001j � jvpj2 , by Lemma 6.8, p0f [j] must be to the right of p00�[j 0]. The outcome of Step 1 dependsupon which of the following two cases occur (see Fig.8).Case 1.1. p0f [j] is aligned with or to the left of te (�rst diagram in Fig.8). Clearly, p00�[j 0] isto the left of te. We show that a transfer function similar to the function f 00 of Section 6.1 (seeLemma 6.6) can be used to account for the comparisons made in Step 1. In this case, the restof steps are identical to Steps 3, 4 and 5 of the presuf shift handler of Section 6.1.Case 1.2. Either there is no mismatch in Step 1 or p0f [j] is to the right of te (second and thirddiagrams in Fig.8). The leftmost surviving pattern instance with left end to the right of tc has50



jj0jMismatch (possible) in Step 1 j0jMismatch (possible) in Step 1jMismatch in Step 1tcta jj0jp0fp"�
Figure 8: Possible Outcomes of Step 1its jth character to the right of tb; we show this claim in the next paragraph. Step 2 follows inthis case.Recall that p0f [j] is to the right of p00�[j 0]. The mismatch, if any, in Step 1 occurs to the leftof p0f [j]. Therefore, all text characters aligned with or to the right of p0f [j] and to the left of(and including) tb are identical to b. The claim follows.Step 2. If p0e does not extend to the right of tb then no comparisons are made in this step (thishappens if and only if p0e is the leftmost presuf pattern instance). Otherwise, Step 2 attemptsto extend the match of p0e. Characters in p0e to the right of tb (if any) are compared from leftto right until a mismatch occurs or a non-b character is matched against the text. To see thatp0e will have a non-b character to the right of tb if it extends to the right of tb, note that thedistance between tb and tc equals jvpj� 1 and that p0e has at least two non-b characters distancejvpj apart, neither of which can be to the left of tc.The successful comparisons in this step will be charged to the the text characters compared.Clearly, all these text characters are to the right of the text characters compared in Step 1.Step 3. A pattern instance p0g with the following properties is determined in this step.1. p0g is the leftmost surviving pattern instance.2. All surviving pattern instances which overlap p0g[i] are presuf overlaps of p0g, where i isde�ned as follows. If p0g 6= p0e, i = j. If p0g = p0e and p0e is the leftmost presuf patterninstance then p0g[i] is the character aligned with tb. Otherwise, if p0g = p0e and p0e is not theleftmost presuf pattern instance then p0g[i] is the leftmost non-b character in p0g which isto the right of tb. 51



All text characters compared successfully in this step will be distinct from all text characterscompared successfully in Steps 1 and 2. There are two cases depending upon the outcome ofStep 2.Case 2.1. p0e is eliminated in Step 2. At most two mismatches could have occurred in Steps 1and 2. Note that p0e cannot be the leftmost presuf pattern instance in this case. The leftmostsurviving pattern instance must have its left end to the right of tc. As shown in Step 1, its jthcharacter must be to the right of tb. There are two subcases.Case 2.1.a. Step 2 terminates in a mismatch at a non-b character th in p0e. Then, starting atth, a left to right pass is made in which each text character is compared with b. This pass endswhen a mismatch occurs or when the right end of the text is reached. In the latter case, thereare no further occurrences of the pattern and the algorithm terminates. In the former case, p0g isde�ned to be the pattern instance in which p0g[j] is aligned with the text character tx at whichthe mismatch occurs. Since all text characters strictly between tb and tx are identical to b, p0g isthe leftmost surviving pattern instance and all pattern instances to the right of p0g which overlapp0g[j] are eliminated. Note that the number of mismatches made in Steps 1{3 is at most 3 in thiscase.Case 2.1.b. Step 2 terminates in a mismatch at a character th in p0e which is a b. p0g is de�nedto be the pattern instance in which p0g[j] is aligned with the text character at which the mismatchoccurs. As in the previous case, p0g is the leftmost surviving pattern instance and all patterninstances to the right of p0g which overlap p0g[j] are eliminated. The number of mismatches madein Steps 1{3 is at most 2 in this case.Case 2.2. p0e survives Step 2. At most one mismatch could have occurred so far. There aretwo subcases.Case 2.2.a. p0e is not the leftmost presuf pattern instance, i.e., it extends to the right of tb. Lettx be the rightmost text character matched in Step 2. tx must be a non-b character. Considerthe pattern instance p0h, where p0h[j] is aligned with tx.Clearly, all pattern instances to the right of p0h which overlap tx are eliminated as each has ab aligned with tx. We claim that all pattern instances strictly between p0e and p0h have also beeneliminated. This is shown as follows. All pattern instances to the right of p0e which overlap tchave been eliminated in Step 1. Recall from Step 1 that the leftmost surviving pattern instanceafter Step 1 with left end to the right of tc has its jth character to the right of tb. Since all textcharacters to the right of tb and up to but not including tx are identical to b, the claim follows.If p0e and p0h lack a di�erence point or if p0h[j] does not match tx then p0g = p0e. Otherwise, ifp0e and p0h have a di�erence point, the character in p0e at that di�erence point is compared withthe aligned text character and one of p0e and p0h is eliminated; the di�erence point itself is to theright of p0h[j]. Let p0g denote the survivor. Clearly, p0g is the leftmost surviving pattern instancein both cases. Further, all pattern instances to the right of p0g which overlap tx (note that tx isaligned with pg[i]) have either been eliminated or are presuf overlaps of p0g.At most two mismatches are made in Steps 1{3 in Case 2.2.a.Case 2.2.b. Second, suppose p0e is the leftmost presuf pattern instance. Recall that p0e[m] isaligned with tb. In this case, no comparisons are made in Step 2. Consider the pattern instancep0h, where p0h[j] is to the immediate right of tb. Recall from Step 1 that p0h is the leftmostsurviving pattern instance with left end to the right of tc. The only surviving pattern instancesto the right of p0e which overlap tc are presuf overlaps of p0e. Therefore p0h is the leftmost surviving52



pattern instance, barring p0e and its presuf overlaps. In addition, note that any pattern instancewhich overlaps p0e but not p00�[j 0] and has its jth character to the right of tb is a presuf overlapof p0e.If jp0h is to the right of p00�[j 0] then p0h is a presuf overlap of p0e as are all pattern instances tothe right of p0h which overlap p0e. Step 5 follows with p0g = p0e in this case.Otherwise, if p0h overlaps p00�[j 0] then p0h is not a presuf overlap of p0e. The character p00�[j 0]is then compared with the text. A match eliminates all pattern instances which overlap p00�[j 0]but are not presuf overlaps of p0e (this can be seen from the following two facts: (a) all patterninstances with left end to the right of tc which survive Step 1 have their jth character to theright of p00�[j 0], and (b) all surviving pattern instances which overlap tc are presuf overlaps ofp0e). Clearly, all surviving pattern instances which overlap tb are presuf overlaps of p0e. In thiscase, Step 5 follows with p0g = p0e. Otherwise, if a mismatch occurs at p00�[j 0], p0e is eliminated asare all its presuf overlaps which overlap tc. Text characters to the right of tb are now comparedfrom left to right with the character b until either a mismatch occurs or the right end of the textis reached. In the former case, Step 4 follows with p0g denoting the pattern instance such thatp0g[j] is aligned with the text character at which the mismatch occurs. Clearly, p0g is the leftmostsurviving pattern instance and all pattern instances which overlap p0g[j] have been eliminated.In the latter case (i.e., the right end of the text is reached), the algorithm terminates as thereare no further occurrences of the pattern.At most two mismatches are made in Steps 1{3 in Case 2.2.b.Step 4. In this step, either all surviving pattern instances which overlap p0g are eliminated(except for presuf overlaps) or p0g is eliminated. In the latter case, the basic algorithm isresumed with the leftmost surviving pattern instance. In the former case, Step 5 follows. Allcomparisons in this step are to the right of all text characters matched in the previous steps. Inaddition, the left end of each pattern instance eliminated in this step is also to the right of anytext character matched in one of the previous steps.In Step 4, di�erence point comparisons are used. This step has a number of iterations.In each iteration, a di�erent pattern instance overlapping p0g but strictly to the right of p0g[i]is considered. If it is a presuf overlap of p0g then nothing is done. Otherwise, if it is not apresuf overlap of p0g, the character in p0g at the di�erence point of the two pattern instances isconsidered. If the text character aligned with this character has not been successfully comparedearlier (this is ascertained using a bit vector), the two characters are compared. Step 4 endswhen a mismatch occurs or when all pattern instances overlapping p0g (excluding presuf overlaps)are eliminated.If no mismatch occurs in Step 4 then all comparisons in this step will be charged to thetext characters compared, otherwise they will be charged to left ends of the pattern instanceseliminated. In both cases, the text characters charged are to the right of all text charactersmatched in previous steps.Step 5. This step attempts to complete the match of p0g. Characters in p0g which have notyet been matched are compared with the aligned text characters from right to left till a mis-match occurs or all its characters are matched. In either case, another presuf shift follows. Allcomparisons in this step will be charged to the text characters compared.Lemma 6.18 If p is a special case pattern with jx001j � jvpj2 then the comparison complexity ofthe algorithm is n(1 + 83(m+1)). 53



Proof: We give charging strategies to show that a presuf shift can have overhead at most two.Further, we show that an overhead of one forces the next presuf shift to occur at least distancem+12 to the right and an overhead of two forces the next presuf shift to occur at least distance3(m+1)4 to the right. The lemma follows.As in Lemma 4.12, the run of the algorithm is divided into phases; a phase can be of one offour types. The range of text characters charged in each type of phase remains exactly the sameas in Lemma 4.12. The charging scheme for Type 1 and Type 2 phases also remains exactly thesame. Only the charging scheme for Type 3 and Type 4 phases is modi�ed in accordance withthe presuf shift handler described above.We consider a single phase, which could be a Type 3 or a Type 4 phase. We assume thatthis phase begins with a presuf shift with jx01j � m2 .The Charging Scheme. We consider two cases.Case A. Suppose a mismatch occurs in Step 1 at a text character te to the right of p00�[j 0] andp0f [j] is aligned with or to the left of te (i.e. Case 1.1 in Step 1 holds).Each successful comparison in Step 1 matches the character b against the text. The chargingscheme for this case is identical to the charging scheme in Lemma 6.7 with the function f 00de�ned as follows. f 00 is de�ned to map each text character compared successfully in Step 1to the text character which is distance j � 1 to its left. This de�nition of f 00 is easily veri�edto satisfy all four required properties of f 00 stated in Lemma 6.6. Further, only the last Step 1comparison can possibly be unsuccessful and might not receive an f 00 value. From the abovecharging scheme, it follows that the overhead of the current presuf shift is at most one.Case B. Suppose all comparisons in Step 1 are successful or p0f [j] is to the right of te, thecharacter at which the mismatch in Step 1 occurs (i.e., Case 1.2 in Step 1 holds).Recall from Step 1 that the leftmost surviving pattern instance completely to the right of tcmust have its jth character to the right of tb. There are three subcases to consider.Subcase B.1. Suppose p0e (the leftmost of the presuf pattern instances to survive Step 1)survives Steps 2, 3 and 4.All successful comparisons in Steps 1, 2, 3 and 4 and all comparisons in Step 5 are chargedto the text characters compared. All these comparisons involve distinct text characters andthus, each text character which is to the right of ta and aligned with p0e is charged at most once.Further, at most one mismatch is made in Step 1 and no mismatches are made in Steps 2, 3and 4 (for otherwise, p0e would be eliminated). In addition, a mismatch in Step 1 eliminates p00�,thus forcing the next presuf shift to occur at least distance m+12 to the right. Thus, the currentpresuf shift has overhead at most one and an overhead of one forces the next presuf shift tooccur distance at least m+12 to the right.Subcase B.2. Suppose p0e is eliminated in one of Steps 2, 3 and 4; further, suppose p0e is theleftmost presuf pattern instance.In this case, the next presuf shift occurs distance at least m + 1 to the right. We show anoverhead of at most two for this case.All comparisons in Step 1 are successful and are charged to the text characters compared. Nocomparisons are made in Step 2. p0e must be eliminated in Step 3 as Step 5 follows directly fromStep 3 otherwise (see Case 2.2.b in Step 3). All successful comparisons in Step 3 are charged tothe text characters compared. At most two mismatches are made in Step 3 and these constitutethe overhead of this shift. All text characters matched in Steps 1{3 are to the left of p0g[j]. If54



p0g survives Step 4, then all comparisons in Step 4 are charged to the text characters compared.If p0g does not survive Step 4 then the comparison which eliminates p0g is charged to the textcharacter aligned with p0g[j] and all other comparisons in Step 4 are charged to the left ends ofthe respective pattern instances eliminated (from the de�nition of p0g in Step 3, note that the leftends of these pattern instances are to the right of p0g[j]). Thus all text characters charged in Step4 are distinct are aligned with or to the right of p0g[j]. All comparisons in Step 5 are chargedto the text characters compared. These text characters are distinct from all text charactersmatched in the previous steps. Therefore, if p0g survives Step 4 then each text character to theright of ta and aligned with or to the left of p0gj is charged at most once. Otherwise, if p0g iseliminated in Step 4 and p0l is the leftmost surviving pattern instance following Step 4, each textcharacter strictly between ta and jp0l is charged at most once.Subcase B.3. Suppose p0e is eliminated in one of Steps 2, 3 and 4 and p0e is not the leftmostpresuf pattern instance.In this case, the next presuf shift occurs distance at least m + 1 to the right. We show anoverhead of at most two for this case.All successful comparisons in Steps 1 and 2 and all comparisons in Step 5 are chargedto the text characters compared. If p0e does not survive Step 2 (Case 2.1 of Step 3) then allsuccessful comparisons in Step 3 are charged to the text characters compared. Otherwise, ifp0e survives Step 2 (Case 2.2.a of Step 3), there is at most one comparison in Step 3 and it isaccounted for later. If p0g survives Step 4 then all successful comparisons in Step 4 are chargedto the text characters compared. In this case, each text character to the right of ta and alignedwith or to the left of p0gj is charged at most once. Otherwise, if p0g is eliminated in Step 4,each successful comparison in Step 4 (except the one which eliminates p0g) is charged to thetext character aligned with the left end of the pattern instance eliminated by this comparison;this text character is to the right of p0g[j]. In this case, each text character strictly between taand jp0l is charged at most once, where p0l is the leftmost surviving pattern instance after p0g iseliminated.At most four comparisons have not yet been accounted for. These include the mismatch inStep 1, the mismatch in Step 4 (which eliminates p0g) and either the mismatches in Steps 2 and3 or the only comparison in Step 3, depending on whether or not p0e survives Step 2. Note thatif mismatches occur in all of Steps 2, 3 and 4 then the text character aligned with p0g[j] is notcharged for any comparison. In addition, we show that the text character aligned with p00�[j]is also not charged for any comparison. An overhead of 2 for the current presuf shift followsimmediately.Clearly, p00�[j] is not compared in Step 1. All comparisons in Steps 2, 3, and 4 are made tothe right of tb, and hence to the right of p00�[j]. Further, p0g[i] (i as de�ned in Step 3) is alignedwith or to the right of tb. Therefore, the text character aligned with p00�[j] is not charged forany of the comparisons made in Steps 1{4. Consider Step 5 next. If p0e survives Steps 2 and 3and is eliminated in Step 4 then the presuf shift handler terminates after Step 4 and the basicalgorithm is resumed. So suppose that p0e is eliminated in Step 2 or Step 3. From the de�nitionof p0g in Step 3, p0g 6= p0e and therefore i = j. To show that all comparisons in Step 5 are madeto the right of p00�[j], it su�ces to show that jp0g is to the right of p00�[j].We show this by considering two cases. First, suppose p00� 6= p001 . Then, by Lemma 6.8, itfollows that the character in p00 which is to the immediate left of its su�x x001 is a b. Since x001 isthe longest presuf of p00, it follows that j = jx001j+ 1. By Lemma 6.8, p00�[j 0] and hence p00�[j] areto the left of the su�x x001 of p001 . Since jp0g[j] is to the right of tb, jp0g is aligned with or to the55
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